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§1. ɑɢɫɥɨɜɵɟ ɪɹɞɵ. Ɉɫɧɨɜɧɵɟ ɩɨɧɹɬɢɹ 
 

ɉɭɫɬɶ ɡɚɞɚɧɚ ɛɟɫɤɨɧɟɱɧɚɹ ɱɢɫɥɨɜɚɹ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɫ ɨɛɳɢɦ ɱɥɟɧɨɦ 
).(nfun   

ȼɵɪɚɠɟɧɢɟ ɜɢɞɚ 

                                              ,......
1

21 





n
nn uuuu                                     (1) 

ɝɞɟ ,...,...,, 21 nuuu  − ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɢɥɢ ɤɨɦɩɥɟɤɫɧɵɟ ɱɢɫɥɚ, ɧɚɡɵɜɚɟɬɫɹ 
ɛɟɫɤɨɧɟɱɧɵɦ ɱɢɫɥɨɜɵɦ ɪɹɞɨɦ (ɢɥɢ ɩɪɨɫɬɨ ɪɹɞɨɦ), ɱɢɫɥɚ ,...,...,, 21 nuuu  
ɧɚɡɵɜɚɸɬɫɹ ɱɥɟɧɚɦɢ ɪɹɞɚ, nu  − ɨɛɳɢɦ ɱɥɟɧɨɦ ɪɹɞɚ. 

ɋɭɦɦɚ ɩɟɪɜɵɯ n  ɱɥɟɧɨɜ ɪɹɞɚ (1) nS  ɧɚɡɵɜɚɟɬɫɹ n -ɨɣ ɱɚɫɬɢɱɧɨɣ 
ɫɭɦɦɨɣ, ɬ.ɟ. ....21 nn uuuS   

ɑɢɫɥɨɜɨɣ ɪɹɞ (1) ɧɚɡɵɜɚɟɬɫɹ ɫɯɨɞɹɳɢɦɫɹ, ɟɫɥɢ ɫɭɳɟɫɬɜɭɟɬ ɤɨɧɟɱɧɵɣ 
ɩɪɟɞɟɥ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ n -ɵɯ ɱɚɫɬɢɱɧɵɯ ɫɭɦɦ ɪɹɞɚ (1) ɩɪɢ 
ɧɟɨɝɪɚɧɢɱɟɧɧɨɦ ɜɨɡɪɚɫɬɚɧɢɢ ɧɨɦɟɪɚ n , ɬ.ɟ. SSn

n



lim . ɑɢɫɥɨ S  ɧɚɡɵɜɚɟɬɫɹ 

ɫɭɦɦɨɣ ɪɹɞɚ (1). 
ɑɢɫɥɨɜɨɣ ɪɹɞ (1) ɧɚɡɵɜɚɟɬɫɹ ɪɚɫɯɨɞɹɳɢɦɫɹ, ɟɫɥɢ ɩɪɟɞɟɥ 

ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ n -ɵɯ ɱɚɫɬɢɱɧɵɯ ɫɭɦɦ ɪɹɞɚ (1) ɩɪɢ ɧɟɨɝɪɚɧɢɱɟɧɧɨɦ 
ɜɨɡɪɚɫɬɚɧɢɢ ɧɨɦɟɪɚ n  n

n
Slim


 ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɢɥɢ ɛɟɫɤɨɧɟɱɟɧ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ 

ɪɹɞ (1) ɫɭɦɦɵ ɧɟ ɢɦɟɟɬ. 
ɉɪɢɦɟɪ 1. Ɋɹɞ ...0...00   ɫɯɨɞɢɬɫɹ, ɬ.ɤ. 00nS  ɩɪɢ .n  

ɋɭɦɦɚ ɷɬɨɝɨ ɪɹɞɚ ɪɚɜɧɚ 0.                                                                                      
ɉɪɢɦɟɪ 2. Ɋɹɞ ...5...55   ɪɚɫɯɨɞɢɬɫɹ, ɬ.ɤ.  nSn 5  ɩɪɢ .n  

 
ɉɪɢɦɟɪ 3. Ɋɹɞ ...55555   ɪɚɫɯɨɞɢɬɫɹ, ɬ.ɤ. ,51 S  ,02 S  

,...53 S , ɬ.ɟ. ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɱɚɫɬɢɱɧɵɯ ɫɭɦɦ ɧɟ ɢɦɟɟɬ ɩɪɟɞɟɥɚ ɩɪɢ 
.n                                                                                                                        

ɉɪɢɦɟɪ 4. Ɋɹɞ 


 











 1 )2)(1(
1...

)2)(1(
1...

54
1

43
1

32
1

n nnnn
 

ɫɯɨɞɢɬɫɹ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɬ.ɤ. ,
2

1
1

1






nn

un  ɬɨ 














)2)(1(

1...
54

1
43

1
32

1
nn

Sn  

.
2

1
2
1

2
1

1
1...

5
1

4
1

4
1

3
1

3
1

2
1






















 






 






 

nnn
 

Ɂɧɚɱɢɬ, 

,
2
1

2
1

2
1

limlim 










 n
S

n
n

n
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ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɫɯɨɞɢɬɫɹ ɢ ɟɝɨ ɫɭɦɦɚ ɪɚɜɧɚ .
2
1                                          

Ɋɹɞ ɜɢɞɚ 

                                               



 

1
21 ...

nk
knn uuu                                          (2) 

ɧɚɡɵɜɚɟɬɫɹ n -ɵɦ ɨɫɬɚɬɤɨɦ ɪɹɞɚ (1). Ɉɫɬɚɬɨɤ (2) ɩɨɥɭɱɚɟɬɫɹ ɢɡ ɪɹɞɚ (1) 
ɨɬɛɪɚɫɵɜɚɧɢɟɦ n  ɩɟɪɜɵɯ ɟɝɨ ɱɥɟɧɨɜ, ɚ ɫɚɦ ɪɹɞ (1) ɩɨɥɭɱɚɟɬɫɹ ɢɡ ɨɫɬɚɬɤɚ (2) 
ɩɭɬɟɦ ɞɨɛɚɜɥɟɧɢɹ ɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɱɥɟɧɨɜ. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɞɥɹ ɫɯɨɞɹɳɟɝɨɫɹ 
ɪɹɞɚ 

SrS nn  , 
ɝɞɟ nr  – ɫɭɦɦɚ ɨɫɬɚɬɤɚ ɷɬɨɝɨ ɪɹɞɚ. 
 

ɋɜɨɣɫɬɜɚ ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ 
ɋɜɨɣɫɬɜɨ 1. ȿɫɥɢ ɪɹɞ (1) ɫɯɨɞɢɬɫɹ ɢ ɟɝɨ ɫɭɦɦɚ ɪɚɜɧɚ S , ɬɨ ɪɹɞ, 

ɩɨɥɭɱɟɧɧɵɣ ɭɦɧɨɠɟɧɢɟɦ ɱɥɟɧɨɜ ɪɹɞɚ (1) ɧɚ ɩɪɨɢɡɜɨɥɶɧɨɟ ɱɢɫɥɨ c  

                                        ......21
1





n

n
n ucucucuc ,                                 (3) 

ɬɚɤɠɟ ɫɯɨɞɢɬɫɹ ɢ ɟɝɨ ɫɭɦɦɚ ɪɚɜɧɚ cS . ȿɫɥɢ ɠɟ ɪɹɞ (1) ɪɚɫɯɨɞɢɬɫɹ ɢ 0c , ɬɨ 
ɢ ɪɹɞ (3) ɪɚɫɯɨɞɢɬɫɹ. 

ɋɜɨɣɫɬɜɨ 2. ȿɫɥɢ ɪɹɞ (1) ɢ ɪɹɞ 

                                              





1
21 ......

n
nn vvvv                                       (4) 

ɫɯɨɞɹɬɫɹ ɢ ɢɯ ɫɭɦɦɵ ɪɚɜɧɵ 1S  ɢ 2S  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɬɨ ɪɹɞɵ, ɩɨɥɭɱɟɧɧɵɟ 
ɫɥɨɠɟɧɢɟɦ (ɜɵɱɢɬɚɧɢɟɦ) ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɱɥɟɧɨɜ ɪɹɞɨɜ (1) ɢ (4): 







1
)(

n
nn vu , 

ɬɚɤɠɟ ɫɯɨɞɹɬɫɹ ɢ ɫɭɦɦɚ ɤɚɠɞɨɝɨ ɪɹɞɚ ɪɚɜɧɚ 21 SS   ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 
ɋɥɟɞɫɬɜɢɟ 1. ɂɡ ɫɜɨɣɫɬɜɚ 2 ɫɥɟɞɭɟɬ, ɱɬɨ ɫɭɦɦɚ (ɪɚɡɧɨɫɬɶ) ɫɯɨɞɹɳɟɝɨɫɹ ɢ 

ɪɚɫɯɨɞɹɳɟɝɨɫɹ ɪɹɞɨɜ ɹɜɥɹɟɬɫɹ ɪɚɫɯɨɞɹɳɢɦɫɹ ɪɹɞɨɦ. 
Ɂɚɦɟɬɢɦ, ɱɬɨ ɫɭɦɦɚ (ɪɚɡɧɨɫɬɶ) ɞɜɭɯ ɪɚɫɯɨɞɹɳɢɯɫɹ ɪɹɞɨɜ ɦɨɠɟɬ ɹɜɥɹɬɶɫɹ 

ɤɚɤ ɫɯɨɞɹɳɢɦɫɹ, ɬɚɤ ɢ ɪɚɫɯɨɞɹɳɢɦɫɹ ɪɹɞɨɦ. 
ɋɜɨɣɫɬɜɨ 3. ȿɫɥɢ ɤ ɪɹɞɭ (1) ɩɪɢɫɨɟɞɢɧɢɬɶ ɢɥɢ ɨɬɛɪɨɫɢɬɶ ɥɸɛɨɟ 

ɤɨɧɟɱɧɨɟ ɱɢɫɥɨ ɧɚɱɚɥɶɧɵɯ ɱɥɟɧɨɜ ɪɹɞɚ, ɬɨ ɩɨɥɭɱɟɧɧɵɣ ɪɹɞ ɢ ɢɫɯɨɞɧɵɣ ɪɹɞ 
(1) ɫɯɨɞɹɬɫɹ ɢɥɢ ɪɚɫɯɨɞɹɬɫɹ ɨɞɧɨɜɪɟɦɟɧɧɨ. 

ɋɥɟɞɫɬɜɢɟ 2. ɂɡ ɫɜɨɣɫɬɜɚ 3 ɫɥɟɞɭɟɬ, ɱɬɨ ɟɫɥɢ ɪɹɞ (1) ɫɯɨɞɢɬɫɹ, ɬɨ ɟɝɨ 
ɨɫɬɚɬɨɤ nn SSr   ɫɬɪɟɦɢɬɫɹ ɤ ɧɭɥɸ ɩɪɢ n , ɬ.ɟ. 0lim 


n

n
r . 

 
ȼ ɞɚɥɶɧɟɣɲɟɦ ɩɪɢ ɢɫɫɥɟɞɨɜɚɧɢɢ ɫɯɨɞɢɦɨɫɬɢ ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ ɩɨɥɟɡɧɨ 

ɛɭɞɟɬ ɜɨɫɩɨɥɶɡɨɜɚɬɶɫɹ ɧɟɤɨɬɨɪɵɦɢ, ɬ.ɧ. «ɷɬɚɥɨɧɧɵɦɢ» ɪɹɞɚɦɢ, ɜ ɱɚɫɬɧɨɫɬɢ, 
ɷɬɨ ɪɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ ɢ ɨɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ. 
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Ɋɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ 
Ɋɹɞ ɜɢɞɚ 

                              0,......
1

112  




 aaqaqaqaqa
n

nn                     (5) 

ɧɚɡɵɜɚɟɬɫɹ ɪɹɞɨɦ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ. 
Ɋɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ (5) ɫɯɨɞɢɬɫɹ ɩɪɢ 1q  ɢ ɪɚɫɯɨɞɢɬɫɹ 

ɩɪɢ 1q . 
ɉɪɢɦɟɪ 5. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...
9

1...
9
1

9
119999 42

234  n . 

Ɋɟɲɟɧɢɟ. Ⱦɚɧɧɵɣ ɪɹɞ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɤɚɤ 

  ...
9

19...
9
19

9
19

9
19

9
19

9
19

9
1919 1

4
6

4
5

4
4

4
3

4
2

444
n  







1
1

4

9
19

n
n . 

ɗɬɨɬ ɪɹɞ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɪɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ, ɝɞɟ 49a  ɢ 

1
9
1
q , ɩɨɷɬɨɦɭ ɨɧ ɫɯɨɞɢɬɫɹ ɩɨ ɫɜɨɣɫɬɜɭ 1 ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ.                         

 
 

Ɉɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 
Ɋɹɞ ɜɢɞɚ 

                                   ,1...1...
4
1

3
1

2
11

1






n nn                            (6) 

ɝɞɟ 0  – ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ, ɧɚɡɵɜɚɟɬɫɹ ɨɛɨɛɳɟɧɧɵɦ ɝɚɪɦɨɧɢɱɟɫɤɢɦ 
ɪɹɞɨɦ. 

Ɉɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 1  ɢ ɪɚɫɯɨɞɢɬɫɹ ɩɪɢ 
1 . 
Ɂɚɦɟɬɢɦ, ɱɬɨ ɩɪɢ 1  ɩɨɥɭɱɚɟɬɫɹ ɬɚɤ ɧɚɡɵɜɚɟɦɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 

(ɱɚɫɬɧɵɣ ɫɥɭɱɚɣ ɨɛɨɛɳɟɧɧɨɝɨ ɝɚɪɦɨɧɢɱɟɫɤɨɝɨ ɪɹɞɚ): 







1

1...1...
3
1

2
11

n nn
, 

ɤɨɬɨɪɵɣ ɹɜɥɹɟɬɫɹ ɪɚɫɯɨɞɹɳɢɦɫɹ ɪɹɞɨɦ. 
ɉɪɢɦɟɪ 6. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 







3

1...1...
5

1
4

1
3

1
n nn

. 

Ɋɟɲɟɧɢɟ. Ɋɚɫɫɦɨɬɪɢɦ ɨɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 


1

1
n n

. ɗɬɨɬ ɪɹɞ 

ɪɚɫɯɨɞɢɬɫɹ, ɬ.ɤ. 1
2
1
 , ɢ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɢɫɯɨɞɧɵɣ ɪɹɞ ɬɚɤɠɟ ɪɚɫɯɨɞɢɬɫɹ 
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ɩɨ ɫɜɨɣɫɬɜɭ 3 ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ (ɬ.ɤ. ɩɨɥɭɱɟɧ ɢɡ ɪɹɞɚ 


1

1
n n

 ɨɬɛɪɚɫɵɜɚɧɢɟɦ 

ɩɟɪɜɵɯ ɞɜɭɯ ɱɥɟɧɨɜ).                                                                                               
ɉɨɫɤɨɥɶɤɭ ɩɪɢ ɢɫɫɥɟɞɨɜɚɧɢɢ ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɱɢɫɥɨɜɨɝɨ ɪɹɞɚ ɧɚ 

ɫɯɨɞɢɦɨɫɬɶ ɧɚɯɨɠɞɟɧɢɟ n -ɨɣ ɱɚɫɬɢɱɧɨɣ ɫɭɦɦɵ nS  ɢ ɟɟ ɩɪɟɞɟɥɚ 
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɧɟɩɪɨɫɬɭɸ ɡɚɞɚɱɭ, ɬɨ ɛɵɥɢ ɭɫɬɚɧɨɜɥɟɧɵ ɩɪɢɡɧɚɤɢ 
ɫɯɨɞɢɦɨɫɬɢ ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ, ɩɨɡɜɨɥɹɸɳɢɟ ɭɩɪɨɫɬɢɬɶ ɢɫɫɥɟɞɨɜɚɧɢɟ ɪɹɞɨɜ. 

Ɍɟɨɪɟɦɚ 1 (ɧɟɨɛɯɨɞɢɦɵɣ ɩɪɢɡɧɚɤ ɫɯɨɞɢɦɨɫɬɢ ɱɢɫɥɨɜɨɝɨ ɪɹɞɚ). ȿɫɥɢ 
ɪɹɞ (1) ɫɯɨɞɢɬɫɹ, ɬɨ ɩɪɟɞɟɥ ɟɝɨ ɨɛɳɟɝɨ ɱɥɟɧɚ ɩɪɢ n  ɪɚɜɟɧ ɧɭɥɸ, ɬ.ɟ. 

0lim 


n
n

u . 

Ɂɚɦɟɱɚɧɢɟ. ɇɨ ɧɟ ɇȺɈȻɈɊɈɌ! ɂɡ ɬɨɝɨ, ɱɬɨ 0lim 


n
n

u  ɧɟ ɫɥɟɞɭɟɬ, ɱɬɨ 

ɪɹɞ ɫɯɨɞɢɬɫɹ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɪɹɞ ɦɨɠɟɬ ɤɚɤ ɫɯɨɞɢɬɶɫɹ, ɬɚɤ ɢ ɪɚɫɯɨɞɢɬɶɫɹ, ɬ.ɟ. 
ɨ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ ɟɳɟ ɧɢɱɟɝɨ ɧɟɥɶɡɹ ɫɤɚɡɚɬɶ. Ɋɹɞ ɧɚɞɨ ɢɫɫɥɟɞɨɜɚɬɶ ɞɚɥɶɲɟ. 
ɉɪɢɦɟɪɨɦ ɪɹɞɚ, ɭ ɤɨɬɨɪɨɝɨ ɩɪɟɞɟɥ ɨɛɳɟɝɨ ɱɥɟɧɚ ɪɚɜɟɧ ɧɭɥɸ, ɚ ɫɚɦ ɪɹɞ 
ɪɚɫɯɨɞɢɬɫɹ, ɹɜɥɹɟɬɫɹ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ. 

Ɍɟɨɪɟɦɚ 2 (ɞɨɫɬɚɬɨɱɧɵɣ ɩɪɢɡɧɚɤ ɪɚɫɯɨɞɢɦɨɫɬɢ ɱɢɫɥɨɜɨɝɨ ɪɹɞɚ). 
ȿɫɥɢ ɩɪɟɞɟɥ ɨɛɳɟɝɨ ɱɥɟɧɚ ɪɹɞɚ ɩɪɢ n  ɧɟ ɪɚɜɟɧ ɧɭɥɸ, ɬ.ɟ 0lim 


n

n
u , ɬɨ 

ɪɹɞ (1) ɪɚɫɯɨɞɢɬɫɹ. 
Ɍɟɨɪɟɦɚ 2 ɫɥɟɞɭɟɬ ɢɡ ɬɟɨɪɟɦɵ 1, ɬ.ɤ. ɧɟ ɜɵɩɨɥɧɹɟɬɫɹ ɧɟɨɛɯɨɞɢɦɵɣ 

ɩɪɢɡɧɚɤ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ. 
ɉɪɢɦɟɪ 7. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 




 







1 14

1...
14

1...
15
5

11
4

7
3

3
2

n n
n

n
n . 

Ɋɟɲɟɧɢɟ. ɇɚɣɞɟɦ ɩɪɟɞɟɥ ɨɛɳɟɝɨ ɱɥɟɧɚ ɪɹɞɚ: 

0
4
1

14

11

14
1

limlimlim 











n

n
n

nu
nn

n
n

, 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ.      
 
 
 
 

 
§2. Ⱦɨɫɬɚɬɨɱɧɵɟ ɩɪɢɡɧɚɤɢ ɫɯɨɞɢɦɨɫɬɢ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɯ 

ɪɹɞɨɜ 
 

Ɂɧɚɤɨɩɨɫɬɨɹɧɧɵɟ ɪɹɞɵ – ɷɬɨ ɪɹɞɵ, ɜɫɟ ɱɥɟɧɵ ɤɨɬɨɪɵɯ ɢɦɟɸɬ ɨɞɢɧ ɢ 
ɬɨɬ ɠɟ ɡɧɚɤ. 

Ɂɧɚɤɨɩɨɫɬɨɹɧɧɵɟ ɪɹɞɵ ɩɨɞɪɚɡɞɟɥɹɸɬɫɹ ɧɚ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɟ ɪɹɞɵ 
(ɜɫɟ ɱɥɟɧɵ ɤɨɬɨɪɵɯ ɩɨɥɨɠɢɬɟɥɶɧɵ) ɢ ɧɚ ɡɧɚɤɨɨɬɪɢɰɚɬɟɥɶɧɵɟ ɪɹɞɵ (ɜɫɟ 
ɱɥɟɧɵ ɤɨɬɨɪɵɯ ɨɬɪɢɰɚɬɟɥɶɧɵ). Ⱦɨɫɬɚɬɨɱɧɵɟ ɩɪɢɡɧɚɤɢ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɨɜ 
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ɛɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɞɥɹ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɯ ɪɹɞɨɜ, ɬ.ɤ. 
ɡɧɚɤɨɨɬɪɢɰɚɬɟɥɶɧɵɣ ɪɹɞ ɩɟɪɟɯɨɞɢɬ ɜ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɩɭɬɟɦ ɭɦɧɨɠɟɧɢɹ 
ɜɫɟɯ ɟɝɨ ɱɥɟɧɨɜ ɧɚ ɱɢɫɥɨ (-1), ɱɬɨ ɧɟ ɜɥɢɹɟɬ ɧɚ ɫɯɨɞɢɦɨɫɬɶ ɪɹɞɚ ɫɨɝɥɚɫɧɨ 
ɫɜɨɣɫɬɜɭ ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ. 

Ɍɟɨɪɟɦɚ 1 (ɩɨɷɥɟɦɟɧɬɧɵɣ ɩɪɢɡɧɚɤ ɫɪɚɜɧɟɧɢɹ). ɉɭɫɬɶ ɞɚɧɵ ɞɜɚ 
ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɯ ɪɹɞɚ 

                                                     0,
1





n

n
n uu                                                    (1) 

ɢ 

                                                      0,
1





n

n
n vv ,                                                  (2) 

ɩɪɢɱɟɦ ɤɚɠɞɵɣ ɱɥɟɧ ɪɹɞɚ (1) ɧɟ ɩɪɟɜɨɫɯɨɞɢɬ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɱɥɟɧɚ 
ɪɹɞɚ(2) ɞɥɹ ɜɫɟɯ n , ɬ.ɟ nn vu  . Ɍɨɝɞɚ: 1) ɟɫɥɢ ɫɯɨɞɢɬɫɹ ɪɹɞ (2), ɬɨ ɫɯɨɞɢɬɫɹ ɢ 
ɪɹɞ (1); 2) ɟɫɥɢ ɪɹɞ (1) ɪɚɫɯɨɞɢɬɫɹ, ɬɨ ɪɚɫɯɨɞɢɬɫɹ ɢ ɪɹɞ (2). 

Ɂɚɦɟɱɚɧɢɟ 1. Ɍɟɨɪɟɦɚ 1 ɨɫɬɚɟɬɫɹ ɫɩɪɚɜɟɞɥɢɜɨɣ ɢ ɜ ɫɥɭɱɚɟ, ɤɨɝɞɚ 
ɧɟɪɚɜɟɧɫɬɜɨ nn vu   ɜɵɩɨɥɧɹɟɬɫɹ, ɧɚɱɢɧɚɹ ɫ ɧɟɤɨɬɨɪɨɝɨ ɧɨɦɟɪɚ n . 

ɉɪɢɦɟɪ 1. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...
23

1...
23

1
23

1
23

1
2

1
















n

n
n . 

Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɩɨɷɥɟɦɟɧɬɧɵɣ ɩɪɢɡɧɚɤ ɫɪɚɜɧɟɧɢɹ. ɑɥɟɧɵ ɞɚɧɧɨɝɨ 
ɪɹɞɚ ɩɪɢ ɜɫɟɯ n  ɦɟɧɶɲɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɱɥɟɧɨɜ ɪɹɞɚ 

...
3
1...

3
1

3
1

3
1

2
1





n

n
n , 

ɤɨɬɨɪɵɣ ɹɜɥɹɟɬɫɹ ɫɯɨɞɹɳɢɦɫɹ ɤɚɤ ɪɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ ɫ 

1
3
1
q . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɫɯɨɞɢɬɫɹ ɢ ɢɫɯɨɞɧɵɣ ɪɹɞ.                                           

Ɍɟɨɪɟɦɚ 2 (ɩɪɟɞɟɥɶɧɵɣ ɩɪɢɡɧɚɤ ɫɪɚɜɧɟɧɢɹ). ɉɭɫɬɶ ɞɚɧɵ ɞɜɚ 
ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɯ ɪɹɞɚ (1) ɢ (2). ȿɫɥɢ ɫɭɳɟɫɬɜɭɟɬ ɤɨɧɟɱɧɵɣ ɢ ɨɬɥɢɱɧɵɣ 

ɨɬ ɧɭɥɹ ɩɪɟɞɟɥ k
v
u

n

n

n



lim , ɬɨ ɨɛɚ ɪɹɞɚ ɥɢɛɨ ɨɞɧɨɜɪɟɦɟɧɧɨ ɫɯɨɞɹɬɫɹ, ɥɢɛɨ 

ɨɞɧɨɜɪɟɦɟɧɧɨ ɪɚɫɯɨɞɹɬɫɹ. 
Ɂɚɦɟɱɚɧɢɟ 2. ɉɪɢ ɩɪɢɦɟɧɟɧɢɢ ɩɨɷɥɟɦɟɧɬɧɨɝɨ ɢ ɩɪɟɞɟɥɶɧɨɝɨ ɩɪɢɡɧɚɤɨɜ 

ɫɪɚɜɧɟɧɢɹ ɢɫɫɥɟɞɭɟɦɵɟ ɪɹɞɵ ɨɛɵɱɧɨ ɫɪɚɜɧɢɜɚɸɬ ɫ «ɷɬɚɥɨɧɧɵɦɢ» ɪɹɞɚɦɢ. 
ɉɪɢɦɟɪ 2. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...
3
1...

12
4

7
3

4
2

3
1

2
1

2 










 n
n

n
n

n
 . 

Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɩɪɟɞɟɥɶɧɵɣ ɩɪɢɡɧɚɤ ɫɪɚɜɧɟɧɢɹ. Ⱦɥɹ ɷɬɨɝɨ 
ɪɚɫɫɦɨɬɪɢɦ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 

...1...
3
1

2
111

1




 nnn
 . 

ɋɨɫɬɚɜɢɦ ɨɬɧɨɲɟɧɢɟ 
n

n
v
u  ɢ ɧɚɣɞɟɦ ɟɝɨ ɩɪɟɞɟɥ ɩɪɢ n : 
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0131

11

33
)1(

2

2

2

2 limlimlimlim 















n

n
n

nn
n

nn
v
u

nnnn

n

n
. 

Ɍɚɤ ɤɚɤ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 


1

1
n n

 ɪɚɫɯɨɞɢɬɫɹ, ɬɨ ɢ ɢɫɯɨɞɧɵɣ ɪɹɞ ɬɚɤɠɟ 

ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɩɪɟɞɟɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ ɫɪɚɜɧɟɧɢɹ.                                               
ɉɪɢɦɟɪ 3. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 




 1 3 2 4

7
n n

. 

Ɋɟɲɟɧɢɟ. ɋɪɚɜɧɢɦ ɨɛɳɢɣ ɱɥɟɧ ɞɚɧɧɨɝɨ ɪɹɞɚ ɫ ɨɛɳɢɦ ɱɥɟɧɨɦ 
ɨɛɨɛɳɟɧɧɨɝɨ ɝɚɪɦɨɧɢɱɟɫɤɨɝɨ ɪɹɞɚ: ɞɥɹ ɜɫɟɯ n  ɜɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ 

3 23 2

7

4

7

nn



. 

Ɉɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 


1 3 2

7
n n

 ɪɚɫɯɨɞɢɬɫɹ, ɬ.ɤ. 1
3
2
 . 

ɋɪɚɜɧɟɧɢɟ ɫ ɷɬɢɦ ɪɹɞɨɦ ɩɨ ɩɨɷɥɟɦɟɧɬɧɨɦɭ ɩɪɢɡɧɚɤɭ ɧɟ ɞɚɟɬ ɪɟɡɭɥɶɬɚɬɚ, ɬ.ɤ. 
ɧɟɥɶɡɹ ɫɞɟɥɚɬɶ ɧɢɤɚɤɨɝɨ ɡɚɤɥɸɱɟɧɢɹ ɨ ɫɯɨɞɢɦɨɫɬɢ ɢɫɯɨɞɧɨɝɨ ɪɹɞɚ. ɉɨɷɬɨɦɭ 
ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɩɪɟɞɟɥɶɧɵɦ ɩɪɢɡɧɚɤɨɦ ɫɪɚɜɧɟɧɢɹ ɫ ɬɟɦ ɠɟ ɨɛɨɛɳɟɧɧɵɦ 

ɝɚɪɦɨɧɢɱɟɫɤɢɦ ɪɹɞɨɦ ɢ ɧɚɣɞɟɦ ɩɪɟɞɟɥ ɨɬɧɨɲɟɧɢɹ 
n

n
v
u  ɩɪɢ n : 

  01
474

7
3 2

3 2

3 2

3 2

limlim 







 n

n

n

n
nn

. 

ɉɨɥɭɱɢɥɢ ɤɨɧɟɱɧɵɣ ɢ ɨɬɥɢɱɧɵɣ ɨɬ ɧɭɥɹ ɩɪɟɞɟɥ, ɡɧɚɱɢɬ, ɢɫɫɥɟɞɭɟɦɵɣ ɪɹɞ 
ɬɚɤɠɟ ɛɭɞɟɬ ɪɚɫɯɨɞɢɬɶɫɹ ɩɨ ɩɪɟɞɟɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ ɫɪɚɜɧɟɧɢɹ.                        

Ɍɟɨɪɟɦɚ 3 (ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ). ɉɭɫɬɶ ɞɚɧ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɪɹɞ 
(1). ȿɫɥɢ ɞɥɹ ɪɹɞɚ (1) ɫɭɳɟɫɬɜɭɟɬ ɤɨɧɟɱɧɵɣ ɢɥɢ ɛɟɫɤɨɧɟɱɧɵɣ ɩɪɟɞɟɥ 

q
u

u

n

n

n




1lim , 

ɬɨ ɷɬɨɬ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 1q  ɢ ɪɚɫɯɨɞɢɬɫɹ ɩɪɢ 1q . 
Ɂɚɦɟɱɚɧɢɟ 3. ȿɫɥɢ 1q , ɬɨ ɪɹɞ (1) ɦɨɠɟɬ ɛɵɬɶ ɤɚɤ ɫɯɨɞɹɳɢɦɫɹ, ɬɚɤ ɢ 

ɪɚɫɯɨɞɹɳɢɦɫɹ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɜɨɩɪɨɫ ɨ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ ɨɫɬɚɟɬɫɹ ɨɬɤɪɵɬɵɦ ɢ 
ɬɪɟɛɭɟɬɫɹ ɟɝɨ ɞɨɩɨɥɧɢɬɟɥɶɧɨɟ ɢɫɫɥɟɞɨɜɚɧɢɟ. 

Ɂɚɦɟɱɚɧɢɟ 4. ɉɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɩɪɢɦɟɧɹɬɶ, ɤɨɝɞɚ 
ɨɛɳɢɣ ɱɥɟɧ ɪɹɞɚ ɫɨɞɟɪɠɢɬ ɜɵɪɚɠɟɧɢɟ ɜɢɞɚ !n  ɢ (ɢɥɢ) na . 

ɉɪɢɦɟɪ 4. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...
)!1(

6...
!4

6
!3

6
!2

6
)!1(

6 32

1









 nn

n

n

n
 . 
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Ɋɟɲɟɧɢɟ. ɇɚɥɢɱɢɟ ɮɚɤɬɨɪɢɚɥɚ ɜ ɨɛɳɟɦ ɱɥɟɧɟ 
)!1(

6



n

u
n

n  ɞɚɧɧɨɝɨ ɪɹɞɚ  

ɩɨɡɜɨɥɹɟɬ ɩɪɢɦɟɧɢɬɶ ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ. ɇɚɣɞɟɦ ɩɪɟɞɟɥ ɨɬɧɨɲɟɧɢɹ 
n

n
u

u 1  

ɩɪɢ n , ɝɞɟ 
)!2(

6 1

1 




 n
u

n

n : 

0
2

6
)!2(6
)!1(6

limlim
1












 nn
n

n
n

n

n
. 

Ɍɚɤ ɤɚɤ 10 q , ɬɨ ɢɫɯɨɞɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɨ ɩɪɢɡɧɚɤɭ Ⱦɚɥɚɦɛɟɪɚ.              
ɉɪɢɦɟɪ 5. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 








1 !3
)!3(5

n

n

n
n . 

Ɋɟɲɟɧɢɟ. ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɩɪɢɡɧɚɤɨɦ Ⱦɚɥɚɦɛɟɪɚ: 














 1
)33)(23)(13(5

)!3(5)!1(3
!3)!33(5

limlim
1

n
nnn

nn
nn

n
n

n

n
, 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɩɪɢɡɧɚɤɭ Ⱦɚɥɚɦɛɟɪɚ.                                    
Ɍɟɨɪɟɦɚ 4 (ɪɚɞɢɤɚɥɶɧɵɣ ɩɪɢɡɧɚɤ Ʉɨɲɢ). ɉɭɫɬɶ ɞɚɧ 

ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɪɹɞ (1). ȿɫɥɢ ɞɥɹ ɪɹɞɚ (1) ɫɭɳɟɫɬɜɭɟɬ ɤɨɧɟɱɧɵɣ ɢɥɢ 
ɛɟɫɤɨɧɟɱɧɵɣ ɩɪɟɞɟɥ 

qun
n

n



lim , 

ɬɨ ɷɬɨɬ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 1q  ɢ ɪɚɫɯɨɞɢɬɫɹ ɩɪɢ 1q . 
Ɂɚɦɟɱɚɧɢɟ 5. ȿɫɥɢ 1q , ɬɨ ɪɹɞ (1) ɦɨɠɟɬ ɛɵɬɶ ɤɚɤ ɫɯɨɞɹɳɢɦɫɹ, ɬɚɤ ɢ 

ɪɚɫɯɨɞɹɳɢɦɫɹ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɜɨɩɪɨɫ ɨ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ ɨɫɬɚɟɬɫɹ ɨɬɤɪɵɬɵɦ ɢ 
ɬɪɟɛɭɟɬɫɹ ɟɝɨ ɞɨɩɨɥɧɢɬɟɥɶɧɨɟ ɢɫɫɥɟɞɨɜɚɧɢɟ. 

Ɂɚɦɟɱɚɧɢɟ 6. Ɋɚɞɢɤɚɥɶɧɵɣ ɩɪɢɡɧɚɤ Ʉɨɲɢ ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɩɪɢɦɟɧɹɬɶ, 
ɤɨɝɞɚ ɨɛɳɢɣ ɱɥɟɧ ɪɹɞɚ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ n -ɸ (ɢɥɢ ɡɚɜɢɫɹɳɭɸ ɨɬ n ) 
ɫɬɟɩɟɧɶ ɧɟɤɨɬɨɪɨɝɨ ɜɵɪɚɠɟɧɢɹ. 

ɉɪɢɦɟɪ 6. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...
23

2...
11
6

8
4

5
2

23
2 32

1







































n

n

n

n
n

n
n  . 

Ɋɟɲɟɧɢɟ. Ɍɚɤ ɤɚɤ ɨɛɳɢɣ ɱɥɟɧ 
n

n n
nu 











23
2  ɞɚɧɧɨɝɨ ɪɹɞɚ ɹɜɥɹɟɬɫɹ 

ɧɟɤɨɬɨɪɵɦ ɜɵɪɚɠɟɧɢɟɦ ɜ n -ɨɣ ɫɬɟɩɟɧɢ, ɬɨ ɩɪɢɦɟɧɢɦ ɪɚɞɢɤɚɥɶɧɵɣ ɩɪɢɡɧɚɤ 
Ʉɨɲɢ. Ⱦɥɹ ɷɬɨɝɨ ɧɚɣɞɟɦ ɩɪɟɞɟɥ ɨɬ n

nu  ɩɪɢ n : 

3
2

23

2
23

2
23

2
limlimlimlim 



















n
n

n
n

nu
nn

n
n

n
n

n
n

. 
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Ɍɚɤ ɤɚɤ 1
3
2
q , ɬɨ ɞɚɧɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɨ ɪɚɞɢɤɚɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ Ʉɨɲɢ. 

ɉɪɢɦɟɪ 7. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 
2

1

1
6
1 n

n
n n

n










 
 . 

Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɩɪɢɡɧɚɤ Ʉɨɲɢ: 

1
6
111

6
11

6
11

6
1

limlimlimlim
2







 






 







 



e

nn
n

n
nu

n

n

n

n
n

n

n
n

n
n

n
, 

ɡɧɚɱɢɬ, ɢɫɫɥɟɞɭɟɦɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɨ ɪɚɞɢɤɚɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ Ʉɨɲɢ.             
ɉɪɢɦɟɪ 8. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

2

1
3

3

75
28

n

n n
n















 . 

Ɋɟɲɟɧɢɟ. ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɪɚɞɢɤɚɥɶɧɵɦ ɩɪɢɡɧɚɤɨɦ Ʉɨɲɢ: 



































 5
8

75
28

75
28

3

3

3

3

limlimlim

2 n

n
n

n

n
n

n
n n

n
n
nu , 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɩɪɢɡɧɚɤɭ Ʉɨɲɢ.                                             
Ɍɟɨɪɟɦɚ 5 (ɢɧɬɟɝɪɚɥɶɧɵɣ ɩɪɢɡɧɚɤ Ʉɨɲɢ). ȿɫɥɢ ɱɥɟɧɵ 

ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɨɝɨ ɪɹɞɚ (1) ɦɨɝɭɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɵ ɤɚɤ ɱɢɫɥɨɜɵɟ 
ɡɧɚɱɟɧɢɹ ɧɟɤɨɬɨɪɨɣ ɮɭɧɤɰɢɢ )(xf  – ɧɟɩɪɟɪɵɜɧɨɣ, ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɢ 
ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɸɳɟɣ ɩɪɢ );1[ x , ɬ.ɟ. )1(1 fu  , )2(2 fu  , …, )(nfun  , 
…, ɬɨ: 

1) ɟɫɥɢ ɧɟɫɨɛɫɬɜɟɧɧɵɣ ɢɧɬɟɝɪɚɥ 1-ɝɨ ɪɨɞɚ 


1
)( dxxf  ɫɯɨɞɢɬɫɹ, ɬɨ 

ɫɯɨɞɢɬɫɹ ɢ ɪɹɞ (1); 

2) ɟɫɥɢ ɧɟɫɨɛɫɬɜɟɧɧɵɣ ɢɧɬɟɝɪɚɥ 1-ɝɨ ɪɨɞɚ 


1
)( dxxf  ɪɚɫɯɨɞɢɬɫɹ, ɬɨ 

ɪɚɫɯɨɞɢɬɫɹ ɬɚɤɠɟ ɢ ɪɹɞ (1). 
Ɂɚɦɟɱɚɧɢɟ 7. Ɏɭɧɤɰɢɹ )(xf , ɩɪɢɧɢɦɚɸɳɚɹ ɜ ɬɨɱɤɚɯ nx   ɡɧɚɱɟɧɢɹ 

)(nfun  , ɩɨɥɭɱɚɟɬɫɹ ɩɭɬɟɦ ɡɚɦɟɧɵ ɧɚɬɭɪɚɥɶɧɨɝɨ n  ɜ ɜɵɪɚɠɟɧɢɢ )(nfun   
ɧɚ ɧɟɩɪɟɪɵɜɧɨ ɢɡɦɟɧɹɸɳɢɣɫɹ ɚɪɝɭɦɟɧɬ x . Ɍɚɤ, ɧɚɩɪɢɦɟɪ, ɟɫɥɢ 

21
5)(

n
nnf


 , ɬɨ 21

5)(
x
xxf


 ; ɟɫɥɢ 

n
nnf

2ln)(  , ɬɨ 
x

xxf
2ln)(   ɢ ɬ.ɩ. 

ɉɪɢɦɟɪ 9. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...
)13(

2...
8
2

5
2

2
2

)13(
2

4444
1

4 








 nnn
 . 
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Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɢɧɬɟɝɪɚɥɶɧɵɣ ɩɪɢɡɧɚɤ Ʉɨɲɢ. Ɍɚɤ ɤɚɤ 

4)13(
2)(



n

nf , ɬɨ ɮɭɧɤɰɢɟɣ, ɩɪɢɧɢɦɚɸɳɟɣ ɜ ɬɨɱɤɚɯ nx   ɡɧɚɱɟɧɢɹ 

)(nfun  , ɹɜɥɹɟɬɫɹ ɮɭɧɤɰɢɹ 4)13(
2)(



x

xf . ɗɬɚ ɮɭɧɤɰɢɹ ɧɟɩɪɟɪɵɜɧɚ, 

ɩɨɥɨɠɢɬɟɥɶɧɚ ɢ ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɟɬ ɧɚ ɩɪɨɦɟɠɭɬɤɟ );1[ x . ȼɵɱɢɫɥɢɦ 

ɧɟɫɨɛɫɬɜɟɧɧɵɣ ɢɧɬɟɝɪɚɥ 


1
)( dxxf : 























 



 A

A

A

A
xdxdx

x
dx

x 1

4

1
4

1
4 )13()13(

3
2

)13(
2

)13(
2

limlim  

36
1

8
1

9
2

8
1

)13(
1

9
2

3
2

3
1

lim3
)13(

lim
3






































 
 

AA

A

A

x
, 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɟɫɨɛɫɬɜɟɧɧɵɣ ɢɧɬɟɝɪɚɥ ɫɯɨɞɢɬɫɹ. Ɂɧɚɱɢɬ, ɢɫɯɨɞɧɵɣ ɪɹɞ 
ɬɚɤɠɟ ɫɯɨɞɢɬɫɹ ɩɨ ɢɧɬɟɝɪɚɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ Ʉɨɲɢ.                                            

ɉɪɢɦɟɪ 10. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 




2 ln
1

n nn
. 

Ɋɟɲɟɧɢɟ. ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɢɧɬɟɝɪɚɥɶɧɵɦ ɩɪɢɡɧɚɤɨɦ Ʉɨɲɢ. Ɏɭɧɤɰɢɹ 

xx
xf

ln
1)(   ɹɜɥɹɟɬɫɹ ɧɟɩɪɟɪɵɜɧɨɣ, ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɢ ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɸɳɟɣ 

ɩɪɢ );2[ x . ȼɵɱɢɫɥɢɦ ɧɟɫɨɛɫɬɜɟɧɧɵɣ ɢɧɬɟɝɪɚɥ ɨɬ ɷɬɨɣ ɮɭɧɤɰɢɢ: 






























 x A

A

A

A

A

A x
xddx

xx
dx

xx
lnlnlimlimlim 2222 ln

)(ln
ln
1

ln
1  




)2lnlnlnln(lim A
A

. 

ɂɧɬɟɝɪɚɥ ɪɚɫɯɨɞɢɬɫɹ, ɡɧɚɱɢɬ, ɢ ɫɚɦ ɪɹɞ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɢɧɬɟɝɪɚɥɶɧɨɦɭ 
ɩɪɢɡɧɚɤɭ Ʉɨɲɢ.                                                                                                        

 
 
 
 
 

§3. Ɂɧɚɤɨɩɟɪɟɦɟɧɧɵɟ (ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɟɫɹ) ɪɹɞɵ 
 

Ɋɹɞ ɜɢɞɚ 

                                                                


1n
nu                                                        (1) 

ɫ ɱɥɟɧɚɦɢ ɩɪɨɢɡɜɨɥɶɧɵɯ ɡɧɚɤɨɜ ɧɚɡɵɜɚɟɬɫɹ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɦ ɪɹɞɨɦ. 



 12 

ȿɫɥɢ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ ɫɨɞɟɪɠɢɬ ɤɨɧɟɱɧɨɟ ɱɢɫɥɨ ɨɬɪɢɰɚɬɟɥɶɧɵɯ 
(ɩɨɥɨɠɢɬɟɥɶɧɵɯ) ɱɥɟɧɨɜ, ɬɨ ɟɝɨ ɢɫɫɥɟɞɨɜɚɧɢɟ ɧɚ ɫɯɨɞɢɦɨɫɬɶ ɫɜɨɞɢɬɫɹ ɤ 
ɢɫɫɥɟɞɨɜɚɧɢɸ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɨɝɨ ɪɹɞɚ, ɬ.ɤ. ɨɬɛɪɚɫɵɜɚɧɢɟ ɨɬ ɪɹɞɚ 
ɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɧɚɱɚɥɶɧɵɯ ɱɥɟɧɨɜ (ɚ ɢɦɟɧɧɨ, ɞɨ ɱɥɟɧɨɜ ɨɞɧɨɝɨ ɡɧɚɤɚ) ɧɟ 
ɢɡɦɟɧɢɬ ɟɝɨ ɫɯɨɞɢɦɨɫɬɢ ɢɥɢ ɪɚɫɯɨɞɢɦɨɫɬɢ. ɋɥɭɱɚɣ, ɤɨɝɞɚ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ 
ɪɹɞ ɫɨɞɟɪɠɢɬ ɛɟɫɤɨɧɟɱɧɨɟ ɦɧɨɠɟɫɬɜɨ ɤɚɤ ɩɨɥɨɠɢɬɟɥɶɧɵɯ, ɬɚɤ ɢ 
ɨɬɪɢɰɚɬɟɥɶɧɵɯ ɱɥɟɧɨɜ, ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɨɫɨɛɵɣ ɢɧɬɟɪɟɫ. 

Ɂɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) ɧɚɡɵɜɚɟɬɫɹ ɚɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɦɫɹ, ɟɫɥɢ 
ɫɯɨɞɢɬɫɹ ɪɹɞ 

                                                              


1n
nu ,                                                      (2) 

ɫɨɫɬɚɜɥɟɧɧɵɣ ɢɡ ɦɨɞɭɥɟɣ ɱɥɟɧɨɜ ɪɹɞɚ (1). 
Ɂɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) ɧɚɡɵɜɚɟɬɫɹ ɭɫɥɨɜɧɨ ɫɯɨɞɹɳɢɦɫɹ, ɟɫɥɢ ɨɧ 

ɫɯɨɞɢɬɫɹ, ɚ ɪɹɞ (2), ɫɨɫɬɚɜɥɟɧɧɵɣ ɢɡ ɦɨɞɭɥɟɣ ɟɝɨ ɱɥɟɧɨɜ, ɪɚɫɯɨɞɢɬɫɹ. 
ɂɫɫɥɟɞɨɜɚɬɶ ɧɚ ɫɯɨɞɢɦɨɫɬɶ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ – ɡɧɚɱɢɬ ɧɟ ɬɨɥɶɤɨ 

ɨɬɜɟɬɢɬɶ ɧɚ ɜɨɩɪɨɫ, ɫɯɨɞɢɬɫɹ ɨɧ ɢɥɢ ɪɚɫɯɨɞɢɬɫɹ, ɧɨ ɢ ɭɤɚɡɚɬɶ, ɤɚɤ ɫɯɨɞɢɬɫɹ: 
ɚɛɫɨɥɸɬɧɨ ɢɥɢ ɭɫɥɨɜɧɨ. 

Ɍɟɨɪɟɦɚ 1 (ɨɛɳɢɣ ɞɨɫɬɚɬɨɱɧɵɣ ɩɪɢɡɧɚɤ ɫɯɨɞɢɦɨɫɬɢ 
ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɯ ɪɹɞɨɜ). ɉɭɫɬɶ ɞɚɧ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1). ȿɫɥɢ 
ɫɯɨɞɢɬɫɹ ɪɹɞ (2), ɫɨɫɬɚɜɥɟɧɧɵɣ ɢɡ ɦɨɞɭɥɟɣ ɟɝɨ ɱɥɟɧɨɜ, ɬɨ ɢ ɫɚɦ 
ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) ɫɯɨɞɢɬɫɹ. 

Ɂɚɦɟɱɚɧɢɟ 1. Ɉɛɪɚɬɧɨɟ ɧɟ ɜɟɪɧɨ, ɬ.ɟ. ɟɫɥɢ ɛɭɞɟɬ ɫɯɨɞɢɬɶɫɹ 
ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1), ɬɨ ɷɬɨ ɧɟ ɡɧɚɱɢɬ, ɱɬɨ ɛɭɞɟɬ ɫɯɨɞɢɬɶɫɹ ɪɹɞ ɢɡ 
ɦɨɞɭɥɟɣ (2). 

ɉɪɢɦɟɪ 1. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 

...)sin(...)2sin(sin)sin(
333

1
3 



 n
n

nnn
n

n

  . 

Ɋɟɲɟɧɢɟ. ȿɫɥɢ k  , ɝɞɟ Zk , ɬɨ, ɨɱɟɜɢɞɧɨ, ɪɹɞ 
...0...000   

ɫɯɨɞɢɬɫɹ. ȿɫɥɢ k  , ɬɨ ɞɚɧɧɵɣ ɪɹɞ ɹɜɥɹɟɬɫɹ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɦ. ɋɨɫɬɚɜɢɦ 
ɞɥɹ ɧɟɝɨ ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ 

...
)sin(

...
)2sin(sin)sin(

333
1

3 


 n
n

nnn
n

n


 . 

ɂɫɫɥɟɞɭɟɦ ɩɨɥɭɱɟɧɧɵɣ ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɫ ɩɨɦɨɳɶɸ ɩɨɷɥɟɦɟɧɬɧɨɝɨ ɩɪɢɡɧɚɤɚ 
ɫɪɚɜɧɟɧɢɹ. Ɍɚɤ ɤɚɤ ɞɥɹ ɜɫɟɯ n  ɢ   ɢɦɟɟɬ ɦɟɫɬɨ ɧɟɪɚɜɟɧɫɬɜɨ 1)sin( n , ɬɨ 
ɜɵɩɨɥɧɹɟɬɫɹ ɩɪɢ ɜɫɟɯ n  ɢ   ɧɟɪɚɜɟɧɫɬɜɨ 

33
1)sin(
nn

n



. 

Ɋɹɞ 


1
3

1
n n

 ɹɜɥɹɟɬɫɹ ɫɯɨɞɹɳɢɦɫɹ ɨɛɨɛɳɟɧɧɵɦ ɝɚɪɦɨɧɢɱɟɫɤɢɦ ɪɹɞɨɦ, ɬ.ɤ. 

13 . Ɂɧɚɱɢɬ, ɪɹɞ 


1
3

)sin(

n n
n

 ɫɯɨɞɢɬɫɹ ɩɨ ɩɨɷɥɟɦɟɧɬɧɨɦɭ ɩɪɢɡɧɚɤɭ 
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ɫɪɚɜɧɟɧɢɹ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɢɫɫɥɟɞɭɟɦɵɣ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɨ 
ɨɛɳɟɦɭ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɫɯɨɞɢɦɨɫɬɢ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɯ ɪɹɞɨɜ, ɩɪɢ 
ɷɬɨɦ ɨɧ ɫɯɨɞɢɬɫɹ ɚɛɫɨɥɸɬɧɨ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɚɛɫɨɥɸɬɧɨɣ ɫɯɨɞɢɦɨɫɬɢ 
ɡɧɚɤɨɩɟɪɟɦɟɧɧɨɝɨ ɪɹɞɚ.                                                                                          

 
ɋɜɨɣɫɬɜɚ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɯ ɪɹɞɨɜ  

ɋɜɨɣɫɬɜɨ 1. ɋɯɨɞɹɳɢɣɫɹ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) (ɜ ɬɨɦ ɱɢɫɥɟ ɢ 
ɡɧɚɤɨɩɨɫɬɨɹɧɧɵɣ) ɨɫɬɚɟɬɫɹ ɫɯɨɞɹɳɢɦɫɹ ɢ ɧɟ ɦɟɧɹɟɬ ɜɟɥɢɱɢɧɵ ɫɭɦɦɵ ɩɪɢ 
ɥɸɛɨɣ ɝɪɭɩɩɢɪɨɜɤɟ ɟɝɨ ɱɥɟɧɨɜ, ɩɪɨɢɡɜɟɞɟɧɧɨɣ ɛɟɡ ɢɡɦɟɧɟɧɢɹ ɩɨɪɹɞɤɚ ɢɯ 
ɫɥɟɞɨɜɚɧɢɹ. 

Ɂɚɦɟɱɚɧɢɟ 2. Ɉɛɪɚɬɧɨɟ ɧɟ ɜɟɪɧɨ. Ɍɚɤ, ɧɚɩɪɢɦɟɪ, ɪɹɞ ...2222   
ɪɚɫɯɨɞɢɬɫɹ, ɚ ɪɹɞ ...00...)22()22(  , ɩɨɥɭɱɟɧɧɵɣ ɩɨɩɚɪɧɨɣ 
ɝɪɭɩɩɢɪɨɜɤɨɣ ɟɝɨ ɱɥɟɧɨɜ, ɫɯɨɞɢɬɫɹ. 

ɋɜɨɣɫɬɜɨ 2. Ⱥɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɣɫɹ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) (ɜ ɬɨɦ 
ɱɢɫɥɟ ɢ ɡɧɚɤɨɩɨɫɬɨɹɧɧɵɣ) ɨɫɬɚɟɬɫɹ ɫɯɨɞɹɳɢɦɫɹ ɢ ɧɟ ɦɟɧɹɟɬ ɜɟɥɢɱɢɧɵ 
ɫɭɦɦɵ ɩɪɢ ɥɸɛɨɣ ɩɟɪɟɫɬɚɧɨɜɤɟ ɟɝɨ ɱɥɟɧɨɜ (ɬɟɨɪɟɦɚ Ⱦɢɪɢɯɥɟ). 

ɋɜɨɣɫɬɜɨ 3. ȿɫɥɢ ɜ ɭɫɥɨɜɧɨ ɫɯɨɞɹɳɟɦɫɹ ɡɧɚɤɨɩɟɪɟɦɟɧɧɨɦ ɪɹɞɟ (1) 
ɢɡɦɟɧɢɬɶ ɩɨɪɹɞɨɤ ɫɥɟɞɨɜɚɧɢɹ ɱɥɟɧɨɜ, ɬɨ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɫɯɨɞɹɳɢɣɫɹ ɪɹɞ ɫ 
ɡɚɪɚɧɟɟ ɡɚɞɚɧɧɨɣ ɫɭɦɦɨɣ ɢɥɢ ɪɚɫɯɨɞɹɳɢɣɫɹ ɪɹɞ (ɬɟɨɪɟɦɚ Ɋɢɦɚɧɚ). 

ɋɜɨɣɫɬɜɨ 4. Ⱥɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɟɫɹ ɪɹɞɵ ɦɨɠɧɨ ɩɨɱɥɟɧɧɨ ɫɤɥɚɞɵɜɚɬɶ 
(ɜɵɱɢɬɚɬɶ), ɩɪɢ ɷɬɨɦ ɩɨɥɭɱɢɬɫɹ ɚɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɣɫɹ ɪɹɞ ɫ ɫɭɦɦɨɣ, ɪɚɜɧɨɣ 
ɫɭɦɦɟ (ɪɚɡɧɨɫɬɢ) ɫɭɦɦ ɢɫɯɨɞɧɵɯ ɪɹɞɨɜ. 

ɂɡ ɫɜɨɣɫɬɜɚ 4 ɫɥɟɞɭɟɬ, ɱɬɨ ɚɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɟɫɹ ɪɹɞɵ ɫɯɨɞɹɬɫɹ ɡɚ ɫɱɟɬ 
ɬɨɝɨ, ɱɬɨ ɢɯ ɱɥɟɧɵ ɞɨɫɬɚɬɨɱɧɨ ɛɵɫɬɪɨ ɫɬɪɟɦɹɬɫɹ ɤ ɧɭɥɸ ɩɪɢ n , ɚ 
ɭɫɥɨɜɧɨ ɫɯɨɞɹɳɢɟɫɹ ɪɹɞɵ ɫɯɨɞɹɬɫɹ ɡɚ ɫɱɟɬ ɱɚɫɬɢɱɧɨɣ ɤɨɦɩɟɧɫɚɰɢɢ ɱɥɟɧɨɜ ɫ 
ɪɚɡɧɵɦɢ ɡɧɚɤɚɦɢ. 

ɋɜɨɣɫɬɜɨ 5. ɉɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɚɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɯɫɹ ɪɹɞɨɜ ɟɫɬɶ 
ɚɛɫɨɥɸɬɧɨ ɫɯɨɞɹɳɢɣɫɹ ɪɹɞ ɫ ɫɭɦɦɨɣ, ɪɚɜɧɨɣ ɩɪɨɢɡɜɟɞɟɧɢɸ ɫɭɦɦ ɢɫɯɨɞɧɵɯ 
ɪɹɞɨɜ, ɩɪɢ ɷɬɨɦ ɩɨɞ ɩɪɨɢɡɜɟɞɟɧɢɟɦ ɞɜɭɯ ɪɹɞɨɜ ......21  nuuu  ɢ 

......21  nvvv  ɩɨɧɢɦɚɸɬ ɪɹɞ ɜɢɞɚ 
...)...()()()( 1121132231122111   vuvuvuvuvuvuvuvuvu nnn  . 

ɋɜɨɣɫɬɜɨ 6. ȿɫɥɢ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) ɫɯɨɞɢɬɫɹ ɚɛɫɨɥɸɬɧɨ, ɬɨ 
ɪɹɞɵ, ɫɨɫɬɚɜɥɟɧɧɵɟ ɢɡ ɟɝɨ ɩɨɥɨɠɢɬɟɥɶɧɵɯ (ɨɬɪɢɰɚɬɟɥɶɧɵɯ) ɱɥɟɧɨɜ, 
ɫɯɨɞɹɬɫɹ. ȿɫɥɢ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ ɪɹɞ (1) ɫɯɨɞɢɬɫɹ ɭɫɥɨɜɧɨ, ɬɨ 
ɜɵɲɟɭɤɚɡɚɧɧɵɟ ɪɹɞɵ ɪɚɫɯɨɞɹɬɫɹ. 

ɑɚɫɬɧɵɦ ɫɥɭɱɚɟɦ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɯ ɪɹɞɨɜ ɹɜɥɹɸɬɫɹ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɟɫɹ 
ɪɹɞɵ. 

Ɂɧɚɤɨɱɟɪɟɞɭɸɳɢɦɫɹ ɪɹɞɨɦ ɧɚɡɵɜɚɟɬɫɹ ɪɹɞ ɜɢɞɚ 

                      




 
1

11
4321 )1(...)1(...

n
n

n
n

n uuuuuu ,               (3) 

ɝɞɟ 0nu  ɞɥɹ ɜɫɟɯ n , ɬ.ɟ. ɪɹɞ, ɭ ɤɨɬɨɪɨɝɨ ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɢ ɨɬɪɢɰɚɬɟɥɶɧɵɟ 
ɱɥɟɧɵ ɫɥɟɞɭɸɬ ɞɪɭɝ ɡɚ ɞɪɭɝɨɦ ɩɨɨɱɟɪɟɞɧɨ. 

Ɂɚɦɟɱɚɧɢɟ 3. ɂɫɫɥɟɞɨɜɚɧɢɟ ɡɧɚɤɨɱɟɪɟɞɭɸɳɟɝɨɫɹ ɪɹɞɚ ɜɢɞɚ 
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                         





1
4321 )1(...)1(...

n
n

n
n

n uuuuuu ,               (4) 

ɝɞɟ 0nu  ɞɥɹ ɜɫɟɯ n  (ɬ.ɟ. ɫ ɩɟɪɜɵɦ ɨɬɪɢɰɚɬɟɥɶɧɵɦ ɱɥɟɧɨɦ), ɫɜɨɞɢɬɫɹ ɩɭɬɟɦ 
ɭɦɧɨɠɟɧɢɹ ɜɫɟɯ ɟɝɨ ɱɥɟɧɨɜ ɧɚ ɱɢɫɥɨ (-1) ɤ ɢɫɫɥɟɞɨɜɚɧɢɸ ɪɹɞɚ (3). 

Ⱦɥɹ ɢɫɫɥɟɞɨɜɚɧɢɹ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɯɫɹ ɪɹɞɨɜ ɧɚ ɫɯɨɞɢɦɨɫɬɶ ɩɪɢɦɟɧɹɸɬ 
ɫɥɟɞɭɸɳɢɣ ɞɨɫɬɚɬɨɱɧɵɣ ɩɪɢɡɧɚɤ ɫɯɨɞɢɦɨɫɬɢ. 

Ɍɟɨɪɟɦɚ 2 (ɩɪɢɡɧɚɤ Ʌɟɣɛɧɢɰɚ). ȿɫɥɢ: 
1) ɱɥɟɧɵ ɡɧɚɤɨɱɟɪɟɞɭɸɳɟɝɨɫɹ ɪɹɞɚ (3) ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɸɬ ɩɨ 

ɚɛɫɨɥɸɬɧɨɣ ɜɟɥɢɱɢɧɟ, ɬ.ɟ. ......321  nuuuu ; 
2) ɨɛɳɢɣ ɱɥɟɧ nu  ɪɹɞɚ (3) ɫɬɪɟɦɢɬɫɹ ɤ ɧɭɥɸ ɩɪɢ n , ɬ.ɟ. 0lim 


n

n
u , 

ɬɨ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ (3) ɫɯɨɞɢɬɫɹ. ɉɪɢ ɷɬɨɦ ɫɭɦɦɚ S  ɪɹɞɚ 
ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɧɟɪɚɜɟɧɫɬɜɭ 
                                                             10 uS  .                                                  (5) 

Ɂɧɚɤɨɱɟɪɟɞɭɸɳɢɟɫɹ ɪɹɞɵ (3) ɢ (4), ɞɥɹ ɤɨɬɨɪɵɯ ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ 
ɩɪɢɡɧɚɤɚ Ʌɟɣɛɧɢɰɚ, ɧɚɡɵɜɚɸɬɫɹ ɥɟɣɛɧɢɰɟɜɫɤɢɦɢ ɪɹɞɚɦɢ. 

Ɂɚɦɟɱɚɧɢɟ 4. ɉɪɢɡɧɚɤ Ʌɟɣɛɧɢɰɚ ɨɫɬɚɟɬɫɹ ɫɩɪɚɜɟɞɥɢɜɵɦ, ɟɫɥɢ ɩɟɪɜɨɟ 
ɭɫɥɨɜɢɟ ɜɵɩɨɥɧɹɟɬɫɹ, ɧɚɱɢɧɚɹ ɫ ɧɟɤɨɬɨɪɨɝɨ ɧɨɦɟɪɚ n . 

Ɂɚɦɟɱɚɧɢɟ 5. ɇɟɪɚɜɟɧɫɬɜɨ (5) ɞɚɟɬ ɜɨɡɦɨɠɧɨɫɬɶ ɩɨɥɭɱɢɬɶ ɨɰɟɧɤɭ 
ɨɲɢɛɤɢ, ɞɨɩɭɫɤɚɟɦɨɣ ɩɪɢ ɡɚɦɟɧɟ ɫɭɦɦɵ S  ɞɚɧɧɨɝɨ ɪɹɞɚ (3) ɧɚ ɟɝɨ 
ɱɚɫɬɢɱɧɭɸ ɫɭɦɦɭ nS . Ɍɚɤ ɤɚɤ ɩɪɢ ɷɬɨɦ ɨɬɛɪɨɲɟɧɧɵɣ ɪɹɞ, ɬ.ɟ. ɨɫɬɚɬɨɤ, 
ɹɜɥɹɟɬɫɹ ɬɚɤɠɟ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɦɫɹ ɪɹɞɨɦ, ɫɭɦɦɚ ɤɨɬɨɪɨɝɨ ɩɨ ɦɨɞɭɥɸ 
ɦɟɧɶɲɟ ɩɟɪɜɨɝɨ ɱɥɟɧɚ ɷɬɨɝɨ ɪɹɞɚ, ɬɨ ɨɲɢɛɤɚ ɨɰɟɧɤɢ ɦɟɧɶɲɟ ɦɨɞɭɥɹ ɩɟɪɜɨɝɨ 
ɢɡ ɨɬɛɪɨɲɟɧɧɵɯ ɱɥɟɧɨɜ ɪɹɞɚ (3). 

ɂɫɫɥɟɞɨɜɚɧɢɟ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɯɫɹ ɪɹɞɨɜ ɭɞɨɛɧɨ ɧɚɱɢɧɚɬɶ ɫ 
ɢɫɫɥɟɞɨɜɚɧɢɹ ɢɯ ɚɛɫɨɥɸɬɧɨɣ ɫɯɨɞɢɦɨɫɬɢ, ɬ.ɤ. ɱɚɫɬɨ ɷɬɨ ɛɵɫɬɪɟɟ ɞɚɟɬ 
ɪɟɡɭɥɶɬɚɬ, ɱɟɦ ɩɪɢɦɟɧɟɧɢɟ ɩɪɢɡɧɚɤɚ Ʌɟɣɛɧɢɰɚ ɫ ɩɨɫɥɟɞɭɸɳɢɦ 
ɢɫɫɥɟɞɨɜɚɧɢɟɦ ɚɛɫɨɥɸɬɧɨɣ ɫɯɨɞɢɦɨɫɬɢ. 

ɉɪɢ ɢɫɫɥɟɞɨɜɚɧɢɢ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɯ (ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɯɫɹ) ɪɹɞɨɜ ɧɚ 
ɚɛɫɨɥɸɬɧɭɸ ɫɯɨɞɢɦɨɫɬɶ ɩɪɢɦɟɧɹɸɬ ɜɫɟ ɩɪɢɡɧɚɤɢ ɫɯɨɞɢɦɨɫɬɢ ɞɥɹ 
ɡɧɚɤɨɩɨɫɬɨɹɧɧɵɯ ɪɹɞɨɜ. 

ɉɪɢɦɟɪ 2. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 
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Ɋɟɲɟɧɢɟ. ɋɨɫɬɚɜɢɦ ɞɥɹ ɞɚɧɧɨɝɨ ɡɧɚɤɨɱɟɪɟɞɭɸɳɟɝɨɫɹ ɪɹɞɚ ɪɹɞ ɢɡ 
ɦɨɞɭɥɟɣ ɟɝɨ ɱɥɟɧɨɜ 
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ɢ ɢɫɫɥɟɞɭɟɦ ɩɨɥɭɱɟɧɧɵɣ ɪɹɞ ɫ ɩɨɦɨɳɶɸ ɩɪɢɡɧɚɤɚ Ⱦɚɥɚɦɛɟɪɚ, ɬ.ɤ. ɨɛɳɢɣ 
ɱɥɟɧ ɫɨɞɟɪɠɢɬ ɮɚɤɬɨɪɢɚɥ. 
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ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɫɯɨɞɢɬɫɹ ɩɨ ɩɪɢɡɧɚɤɭ Ⱦɚɥɚɦɛɟɪɚ, ɬ.ɤ. 
10 q . Ɂɧɚɱɢɬ, ɢɫɫɥɟɞɭɟɦɵɣ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ ɫɯɨɞɢɬɫɹ ɚɛɫɨɥɸɬɧɨ 

ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɚɛɫɨɥɸɬɧɨɣ ɫɯɨɞɢɦɨɫɬɢ.                                                           
ɉɪɢɦɟɪ 3. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 
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Ɋɟɲɟɧɢɟ. Ⱦɚɧɧɵɣ ɪɹɞ ɹɜɥɹɟɬɫɹ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɦɫɹ ɪɹɞɨɦ. ɋɨɫɬɚɜɢɦ 
ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɞɥɹ ɱɥɟɧɨɜ ɷɬɨɝɨ ɪɹɞɚ 
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ɉɪɢɦɟɧɢɦ ɩɪɟɞɟɥɶɧɵɣ ɩɪɢɡɧɚɤ ɫɪɚɜɧɟɧɢɹ ɞɥɹ ɩɨɥɭɱɟɧɧɨɝɨ ɪɹɞɚ. Ⱦɥɹ ɷɬɨɝɨ 
ɪɚɫɫɦɨɬɪɢɦ ɨɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 
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ɤɨɬɨɪɵɣ ɹɜɥɹɟɬɫɹ ɪɚɫɯɨɞɹɳɢɦɫɹ, ɬ.ɤ. 185  . ɇɚɣɞɟɦ ɩɪɟɞɟɥ ɨɬɧɨɲɟɧɢɹ 
ɨɛɳɢɯ ɱɥɟɧɨɜ ɭɤɚɡɚɧɧɵɯ ɪɹɞɨɜ 

01
68 5

8 5

lim 
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, 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɩɪɟɞɟɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ 
ɫɪɚɜɧɟɧɢɹ. ɉɪɨɜɟɪɢɦ ɬɨɝɞɚ ɫɯɨɞɢɦɨɫɬɶ ɡɧɚɤɨɱɟɪɟɞɭɸɳɟɝɨɫɹ ɪɹɞɚ ɩɨ 
ɩɪɢɡɧɚɤɭ Ʌɟɣɛɧɢɰɚ: 
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, ɬ.ɟ. ɱɥɟɧɵ 

ɡɧɚɤɨɱɟɪɟɞɭɸɳɟɝɨɫɹ ɪɹɞɚ ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɸɬ ɩɨ ɚɛɫɨɥɸɬɧɨɣ ɜɟɥɢɱɢɧɟ ɫ 
ɪɨɫɬɨɦ ɧɨɦɟɪɚ n ; 
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ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɨ ɩɪɢɡɧɚɤɭ Ʌɟɣɛɧɢɰɚ. Ɍɚɤ 
ɤɚɤ ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɪɚɫɯɨɞɢɬɫɹ, ɚ ɫɚɦ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ ɫɯɨɞɢɬɫɹ, ɬɨ 
ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɢɫɫɥɟɞɭɟɦɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɭɫɥɨɜɧɨ.                                         

ɉɪɢɦɟɪ 4. ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ 
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Ɋɟɲɟɧɢɟ. ɍɤɚɡɚɧɧɵɣ ɪɹɞ – ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ, ɞɥɹ ɤɨɬɨɪɨɝɨ ɩɪɟɞɟɥ 
ɨɛɳɟɝɨ ɱɥɟɧɚ ɩɪɢ n  ɧɟ ɪɚɜɟɧ ɧɭɥɸ, ɬ.ɟ. 
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ɡɧɚɱɢɬ, ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ 
ɪɚɫɯɨɞɢɦɨɫɬɢ.                                                                                                          
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§4. Ɏɭɧɤɰɢɨɧɚɥɶɧɵɟ ɪɹɞɵ. Ɉɫɧɨɜɧɵɟ ɩɨɧɹɬɢɹ 
 

Ɋɹɞ ɜɢɞɚ 

                                      ,)(...)(...)()(
1

21 





n
nn xuxuxuxu                         (1) 

ɱɥɟɧɚɦɢ ɤɨɬɨɪɨɝɨ ɹɜɥɹɸɬɫɹ ɮɭɧɤɰɢɢ ɨɬ ɚɪɝɭɦɟɧɬɚ x , ɨɩɪɟɞɟɥɟɧɧɨɝɨ ɧɚ 
ɧɟɤɨɬɨɪɨɦ ɦɧɨɠɟɫɬɜɟ D , ɧɚɡɵɜɚɟɬɫɹ ɮɭɧɤɰɢɨɧɚɥɶɧɵɦ ɪɹɞɨɦ. 

ȿɫɥɢ ɜ ɪɹɞ (1) ɩɨɞɫɬɚɜɥɹɬɶ ɨɩɪɟɞɟɥɟɧɧɵɟ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ Dx , ɬɨ 
ɛɭɞɭɬ ɩɨɥɭɱɚɬɶɫɹ ɪɚɡɥɢɱɧɵɟ ɱɢɫɥɨɜɵɟ ɪɹɞɵ, ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɤɚɤ 
ɫɯɨɞɹɳɢɟɫɹ, ɬɚɤ ɢ ɪɚɫɯɨɞɹɳɢɟɫɹ. 

ɋɨɜɨɤɭɩɧɨɫɬɶ ɡɧɚɱɟɧɢɣ x , ɩɪɢ ɤɨɬɨɪɵɯ ɮɭɧɤɰɢɢ )(xun  ɨɩɪɟɞɟɥɟɧɵ ɢ 
ɮɭɧɤɰɢɨɧɚɥɶɧɵɣ ɪɹɞ (1) ɫɯɨɞɢɬɫɹ, ɧɚɡɵɜɚɟɬɫɹ ɨɛɥɚɫɬɶɸ ɫɯɨɞɢɦɨɫɬɢ 
ɮɭɧɤɰɢɨɧɚɥɶɧɨɝɨ ɪɹɞɚ. 

Ɇɨɠɟɬ ɩɨɥɭɱɢɬɶɫɹ, ɱɬɨ ɩɪɢ ɧɟɤɨɬɨɪɵɯ Dx  ɪɹɞ (1) ɫɯɨɞɢɬɫɹ 
ɚɛɫɨɥɸɬɧɨ, ɚ ɩɪɢ ɧɟɤɨɬɨɪɵɯ – ɭɫɥɨɜɧɨ, ɩɨɷɬɨɦɭ ɦɨɠɧɨ ɪɚɡɥɢɱɚɬɶ ɨɛɥɚɫɬɢ 
ɚɛɫɨɥɸɬɧɨɣ ɢ ɭɫɥɨɜɧɨɣ ɫɯɨɞɢɦɨɫɬɢ ɮɭɧɤɰɢɨɧɚɥɶɧɨɝɨ ɪɹɞɚ. 

Ʉɚɠɞɨɦɭ ɡɧɚɱɟɧɢɸ x  ɢɡ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɨɩɪɟɞɟɥɟɧɧɨɟ ɡɧɚɱɟɧɢɟ ɜɟɥɢɱɢɧɵ )(lim xSn

n 
, ɝɞɟ 

)(...)()()( 21 xuxuxuxS nn   – ɱɚɫɬɢɱɧɚɹ ɫɭɦɦɚ ɪɹɞɚ (1). ɗɬɭ ɜɟɥɢɱɢɧɭ, 
ɹɜɥɹɸɳɭɸɫɹ ɮɭɧɤɰɢɟɣ ɨɬ x , ɧɚɡɵɜɚɸɬ ɫɭɦɦɨɣ ɮɭɧɤɰɢɨɧɚɥɶɧɨɝɨ ɪɹɞɚ ɢ 
ɨɛɨɡɧɚɱɚɸɬ ɱɟɪɟɡ )(xS . ɉɪɢ ɷɬɨɦ ɝɨɜɨɪɹɬ, ɱɬɨ ɮɭɧɤɰɢɨɧɚɥɶɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ 
ɤ ɮɭɧɤɰɢɢ )(xS  ɧɚ ɫɜɨɟɣ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ. 

Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɮɭɧɤɰɢɨɧɚɥɶɧɨɝɨ ɪɹɞɚ ɦɨɠɧɨ 
ɩɪɢɦɟɧɹɬɶ «ɷɬɚɥɨɧɧɵɟ» ɪɹɞɵ, ɚ ɬɚɤɠɟ ɞɨɫɬɚɬɨɱɧɵɟ ɩɪɢɡɧɚɤɢ ɫɯɨɞɢɦɨɫɬɢ 
ɱɢɫɥɨɜɵɯ ɪɹɞɨɜ (ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ, ɪɚɞɢɤɚɥɶɧɵɣ ɩɪɢɡɧɚɤ Ʉɨɲɢ ɢ ɞɪ.) ɞɥɹ 
ɪɹɞɚ, ɫɨɫɬɚɜɥɟɧɧɨɝɨ ɢɡ ɦɨɞɭɥɟɣ ɱɥɟɧɨɜ ɢɫɯɨɞɧɨɝɨ ɮɭɧɤɰɢɨɧɚɥɶɧɨɝɨ ɪɹɞɚ. 

ɉɪɢɦɟɪ 1. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 




1
ln

n

n x . 

Ɋɟɲɟɧɢɟ. Ⱦɚɧɧɵɣ ɪɹɞ ɹɜɥɹɟɬɫɹ ɪɹɞɨɦ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ ɫɨ 
ɡɧɚɦɟɧɚɬɟɥɟɦ xq ln . Ɍɚɤ ɤɚɤ ɪɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ ɫɯɨɞɢɬɫɹ ɩɪɢ 

1q , ɬɨ ɢɫɯɨɞɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 1ln x , ɬ.ɟ. ɩɪɢ 1ln1  x . 
ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɞɚɧɧɨɝɨ ɪɹɞɚ ɨɩɪɟɞɟɥɹɟɬɫɹ 

ɧɟɪɚɜɟɧɫɬɜɚɦɢ ex
e


1 .                                                                                         

ɉɪɢɦɟɪ 2. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 




 1
3 1n

n

n
x . 

Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ. Ɍɚɤ ɤɚɤ ɷɬɨɬ ɩɪɢɡɧɚɤ ɩɪɢɦɟɧɢɦ 
ɞɥɹ ɪɹɞɨɜ ɫ ɩɨɥɨɠɢɬɟɥɶɧɵɦɢ ɱɥɟɧɚɦɢ, ɬɨ ɢɫɫɥɟɞɭɟɦ ɪɹɞ ɫɪɚɡɭ ɧɚ 
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ɚɛɫɨɥɸɬɧɭɸ ɫɯɨɞɢɦɨɫɬɶ. Ɉɛɳɢɣ ɱɥɟɧ ɞɚɧɧɨɝɨ ɪɹɞɚ ɢɦɟɟɬ ɜɢɞ 
1

)( 3 


n
xxu

n

n , 

ɬɨɝɞɚ 
1)1(

)( 3

1

1





 n
xxu

n

n . ɇɚɣɞɟɦ 
)(
)(1lim xu

xu

n

n

n




: 



















 1)1(
)1(

)1)1((
)1(

)(
)(

3

3

3

31
1 limlimlim

n
nx

xn
nx

xu
xu

nn

n

nn

n

n
 

x
n

nx
n







 1)1(
1

3

3

lim . 

ɉɨ ɩɪɢɡɧɚɤɭ Ⱦɚɥɚɦɛɟɪɚ ɢɫɯɨɞɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ, ɢ ɩɪɢɬɨɦ ɚɛɫɨɥɸɬɧɨ, ɟɫɥɢ 
1x , ɬ.ɟ. ɩɪɢ 11  x ; ɪɹɞ ɪɚɫɯɨɞɢɬɫɹ, ɟɫɥɢ 1x , ɬ.ɟ. ɩɪɢ 1x  ɢɥɢ 

1x . ȿɫɥɢ 1x , ɬɨ ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ ɨɬɜɟɬɚ ɧɟ ɞɚɟɬ ɢ ɩɪɢ 1x  ɪɹɞ 
ɧɭɠɧɨ ɢɫɫɥɟɞɨɜɚɬɶ ɨɬɞɟɥɶɧɨ. 

1) ɉɪɢ 1x  ɩɨɥɭɱɚɟɬɫɹ ɪɹɞ 


 1
3 1
1

n n
, ɤɨɬɨɪɵɣ ɢɫɫɥɟɞɭɟɦ ɫ ɩɨɦɨɳɶɸ 

ɩɪɟɞɟɥɶɧɨɝɨ ɩɪɢɡɧɚɤɚ ɫɪɚɜɧɟɧɢɹ. Ɍɚɤ ɤɚɤ ɨɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɪɹɞ 




1
3

1
n n

 ɫɯɨɞɢɬɫɹ ( 13 ) ɢ 01
13

3

lim 
 n

n
n

, ɬɨ ɨɛɚ ɪɹɞɚ ɫɯɨɞɹɬɫɹ 

ɨɞɧɨɜɪɟɦɟɧɧɨ ɩɨ ɩɪɟɞɟɥɶɧɨɦɭ ɩɪɢɡɧɚɤɭ ɫɪɚɜɧɟɧɢɹ. Ɍɨɱɤɚ 1x  ɜɨɣɞɟɬ ɜ 
ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɢɫɯɨɞɧɨɝɨ ɪɹɞɚ. 

2) ɉɪɢ 1x  ɩɨɥɭɱɚɟɬɫɹ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ 


 


1
3 1

)1(
n

n

n
, ɤɨɬɨɪɵɣ 

ɫɯɨɞɢɬɫɹ ɚɛɫɨɥɸɬɧɨ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɚɛɫɨɥɸɬɧɨɣ ɫɯɨɞɢɦɨɫɬɢ, ɬ.ɤ. ɫɯɨɞɢɬɫɹ 
ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɟɝɨ ɱɥɟɧɨɜ. Ɍɨɱɤɚ 1x  ɬɚɤɠɟ ɜɨɣɞɟɬ ɜ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ 
ɪɹɞɚ. Ɂɧɚɱɢɬ, ɢɫɯɨɞɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 11  x .                                          

Ɂɚɦɟɱɚɧɢɟ. ɉɪɢ ɧɚɯɨɠɞɟɧɢɢ ɩɪɟɞɟɥɨɜ 
)(
)(1lim xu

xu

n

n

n




 ɢɥɢ n n

n
xu )(lim


 

x  ɫɱɢɬɚɸɬ ɩɨɫɬɨɹɧɧɨɣ ɜɟɥɢɱɢɧɨɣ. 
ɉɪɢɦɟɪ 3. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 




1
)(

n

nxn . 

Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɩɪɢɡɧɚɤ Ʉɨɲɢ. ɇɚɣɞɟɦ n n
n

xu )(lim


, ɝɞɟ 

nn
n xnxu )( : 




nxxnxnxn
nn

n nn

n
n nn

n
limlimlimlim )(  

ɞɥɹ ɥɸɛɨɝɨ Rx , ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɫɯɨɞɢɬɫɹ ɩɪɢ Rx . 
Ɂɧɚɱɢɬ, ɢɫɯɨɞɧɵɣ ɪɹɞ ɚɛɫɨɥɸɬɧɨ ɫɯɨɞɢɬɫɹ ɩɪɢ ɜɫɟɯ Rx .                               
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§5. ɋɬɟɩɟɧɧɵɟ ɪɹɞɵ 
 

ɋɪɟɞɢ ɮɭɧɤɰɢɨɧɚɥɶɧɵɯ ɪɹɞɨɜ ɨɫɨɛɭɸ ɪɨɥɶ ɜ ɦɚɬɟɦɚɬɢɤɟ ɢ ɟɟ 
ɩɪɢɥɨɠɟɧɢɹɯ ɢɝɪɚɸɬ ɪɹɞɵ, ɱɥɟɧɚɦɢ ɤɨɬɨɪɵɯ ɹɜɥɹɸɬɫɹ ɫɬɟɩɟɧɧɵɟ ɮɭɧɤɰɢɢ 
ɨɬ ɚɪɝɭɦɟɧɬɚ x , ɬ.ɟ ɫɬɟɩɟɧɧɵɟ ɪɹɞɵ (ɱɚɫɬɧɵɣ ɫɥɭɱɚɣ ɮɭɧɤɰɢɨɧɚɥɶɧɵɯ 
ɪɹɞɨɜ). 

Ɋɹɞ ɜɢɞɚ 

                                   





0

2
210 ......

n

n
n

n
n xaxaxaxaa ,                        (1) 

ɝɞɟ 0a , 1a , 2a ,…, na ,… – ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ (ɢɥɢ ɤɨɦɩɥɟɤɫɧɵɟ) ɱɢɫɥɚ 
(ɧɚɡɵɜɚɸɬɫɹ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɪɹɞɚ (1)), Rx  – ɞɟɣɫɬɜɢɬɟɥɶɧɚɹ 
ɩɟɪɟɦɟɧɧɚɹ, ɧɚɡɵɜɚɟɬɫɹ ɫɬɟɩɟɧɧɵɦ ɪɹɞɨɦ. 

ɋɬɟɩɟɧɧɨɣ ɪɹɞ (1) ɪɚɫɩɨɥɨɠɟɧ ɩɨ ɫɬɟɩɟɧɹɦ x . Ɍɚɤɠɟ ɦɨɠɧɨ 
ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɪɹɞ, ɪɚɫɩɨɥɨɠɟɧɧɵɣ ɩɨ ɫɬɟɩɟɧɹɦ )( 0xx  . 

Ɋɹɞ ɜɢɞɚ 

            





0
00

2
02010 )(...)(...)()(

n

n
n

n
n xxaxxaxxaxxaa ,   (2) 

ɝɞɟ 0x  – ɧɟɤɨɬɨɪɨɟ ɩɨɫɬɨɹɧɧɨɟ ɱɢɫɥɨ, ɬɚɤɠɟ ɹɜɥɹɟɬɫɹ ɫɬɟɩɟɧɧɵɦ ɪɹɞɨɦ. ɗɬɨ 
ɪɹɞ ɛɨɥɟɟ ɨɛɳɟɝɨ ɜɢɞɚ. ɋɬɟɩɟɧɧɨɣ ɪɹɞ (2) ɩɪɢɜɨɞɢɬɫɹ ɤ ɪɹɞɭ ɜɢɞɚ (1), ɟɫɥɢ 
ɜɵɩɨɥɧɢɬɶ ɩɨɞɫɬɚɧɨɜɤɭ yxx  0 . ɉɨɷɬɨɦɭ ɩɪɢ ɢɡɭɱɟɧɢɢ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ 
ɦɨɠɧɨ ɨɝɪɚɧɢɱɢɬɶɫɹ ɢɡɭɱɟɧɢɟɦ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ ɜɢɞɚ (1). 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ (1) ɫɨɞɟɪɠɢɬ, ɩɨ 
ɤɪɚɣɧɟɣ ɦɟɪɟ, ɨɞɧɭ ɬɨɱɤɭ 0x  (ɞɥɹ ɪɹɞɚ (2) ɬɨɱɤɭ 0xx  ). 

Ɉɛɥɚɫɬɶɸ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɹɜɥɹɟɬɫɹ ɢɧɬɟɪɜɚɥ ɱɢɫɥɨɜɨɣ ɨɫɢ, 
ɫɢɦɦɟɬɪɢɱɧɵɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɬɨɱɤɢ 0x  ɞɥɹ ɪɹɞɚ (1) ɢɥɢ ɬɨɱɤɢ 0xx   ɞɥɹ 
ɪɹɞɚ (2). Ɍɚɤɨɣ ɢɧɬɟɪɜɚɥ ɧɚɡɵɜɚɸɬ ɢɧɬɟɪɜɚɥɨɦ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ 
ɪɹɞɚ. 

Ɋɚɞɢɭɫɨɦ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɧɚɡɵɜɚɸɬ ɱɢɫɥɨ 0R  ɬɚɤɨɟ, ɱɬɨ 
ɩɪɢ ɜɫɟɯ x , ɞɥɹ ɤɨɬɨɪɵɯ ɜɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ Rx  , ɪɹɞ (1) ɫɯɨɞɢɬɫɹ, ɚ 
ɩɪɢ ɜɫɟɯ Rx   – ɪɚɫɯɨɞɢɬɫɹ (ɞɥɹ ɪɹɞɚ (2) – ɩɪɢ ɜɫɟɯ x , ɞɥɹ ɤɨɬɨɪɵɯ 

Rxx  0  ɪɹɞ (2) ɫɯɨɞɢɬɫɹ, ɚ ɩɪɢ ɜɫɟɯ Rxx  0  – ɪɚɫɯɨɞɢɬɫɹ). 
Ⱦɪɭɝɢɦɢ ɫɥɨɜɚɦɢ, ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ – ɷɬɨ ɢɧɬɟɪɜɚɥ, 

ɯɚɪɚɤɬɟɪɢɡɭɸɳɢɣɫɹ ɧɟɪɚɜɟɧɫɬɜɚɦɢ RxR   ɞɥɹ ɪɹɞɚ (1), ɢɥɢ ɢɧɬɟɪɜɚɥ 
RxxRx  00  ɞɥɹ ɪɹɞɚ (2). ɇɚ ɤɨɧɰɚɯ ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ, ɬ.ɟ. ɩɪɢ 

Rx   ɢ Rx   ɞɥɹ ɪɹɞɚ (1) (ɩɪɢ Rxx  0  ɢ Rxx  0  ɞɥɹ ɪɹɞɚ (2)), 
ɫɯɨɞɢɦɨɫɬɶ ɪɹɞɚ ɜ ɤɚɠɞɨɦ ɫɥɭɱɚɟ ɩɪɨɜɟɪɹɟɬɫɹ ɨɬɞɟɥɶɧɨ. 

ɂɫɫɥɟɞɨɜɚɬɶ ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ – ɷɬɨ ɡɧɚɱɢɬ ɧɚɣɬɢ ɟɝɨ 
ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ ɢ ɜɵɹɫɧɢɬɶ, ɫɯɨɞɢɬɫɹ ɢɥɢ ɪɚɫɯɨɞɢɬɫɹ ɪɹɞ ɧɚ ɝɪɚɧɢɰɚɯ 
ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ. Ɉɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɜɫɟɝɞɚ ɫɨɫɬɨɢɬ 
ɢɡ ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ ɢ, ɛɵɬɶ ɦɨɠɟɬ, ɝɪɚɧɢɱɧɵɯ ɬɨɱɟɤ ɷɬɨɝɨ ɢɧɬɟɪɜɚɥɚ. 
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ȼ ɱɚɫɬɧɨɦ ɫɥɭɱɚɟ, ɤɨɝɞɚ 0R , ɪɹɞ (1) ɫɯɨɞɢɬɫɹ ɬɨɥɶɤɨ ɜ ɨɞɧɨɣ ɬɨɱɤɟ 
0x  (ɪɹɞ (2) ɫɯɨɞɢɬɫɹ ɜ ɬɨɱɤɟ 0xx  ). ȿɫɥɢ ɠɟ R , ɬɨ ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ 

ɪɹɞ (1) (ɪɹɞ (2)) ɫɯɨɞɢɬɫɹ ɩɪɢ ɜɫɟɯ Rx . 
Ɉɬɦɟɬɢɦ, ɱɬɨ ɜɫɬɪɟɱɚɸɬɫɹ ɫɥɭɱɚɢ, ɤɨɝɞɚ ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɫɨɞɟɪɠɢɬ ɧɟ ɜɫɟ 

ɫɬɟɩɟɧɢ x  (ɧɚɩɪɢɦɟɪ, ɬɨɥɶɤɨ ɱɟɬɧɵɟ ɫɬɟɩɟɧɢ ɢɥɢ ɬɨɥɶɤɨ ɧɟɱɟɬɧɵɟ ɫɬɟɩɟɧɢ 
x ). ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɝɨɜɨɪɹɬ, ɱɬɨ ɡɚɞɚɧ ɧɟɩɨɥɧɵɣ ɫɬɟɩɟɧɧɨɣ ɪɹɞ, ɜ ɩɪɨɬɢɜɧɨɦ 
ɫɥɭɱɚɟ – ɩɨɥɧɵɣ ɫɬɟɩɟɧɧɨɣ ɪɹɞ. 

 
ɇɚɯɨɠɞɟɧɢɟ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ 

1. Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ (ɤɚɤ ɩɨɥɧɨɝɨ, 
ɬɚɤ ɢ ɧɟɩɨɥɧɨɝɨ) ɩɪɢɦɟɧɹɸɬ ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ ɢɥɢ ɪɚɞɢɤɚɥɶɧɵɣ ɩɪɢɡɧɚɤ 
Ʉɨɲɢ ɞɥɹ ɪɹɞɚ, ɫɨɫɬɚɜɥɟɧɧɨɝɨ ɢɡ ɦɨɞɭɥɟɣ ɱɥɟɧɨɜ ɢɫɯɨɞɧɨɝɨ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ. 

2. Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɩɨɥɧɨɝɨ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɦɨɠɧɨ 
ɩɪɢɦɟɧɢɬɶ ɨɞɧɭ ɢɡ ɫɥɟɞɭɸɳɢɯ ɮɨɪɦɭɥ ɜɵɱɢɫɥɟɧɢɹ ɪɚɞɢɭɫɚ ɫɯɨɞɢɦɨɫɬɢ: 
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Ɂɚɦɟɱɚɧɢɟ. Ɏɨɪɦɭɥɵ (3) ɢ (4) ɧɟɥɶɡɹ ɩɪɢɦɟɧɹɬɶ ɜ ɬɟɯ ɫɥɭɱɚɹɯ, ɤɨɝɞɚ 
ɛɟɫɤɨɧɟɱɧɨɟ ɱɢɫɥɨ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɪɚɜɧɨ ɧɭɥɸ. ȼ ɱɚɫɬɧɨɫɬɢ, 
ɷɬɢ ɮɨɪɦɭɥɵ ɧɟɩɪɢɦɟɧɢɦɵ ɞɥɹ ɧɟɩɨɥɧɵɯ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ. 

ɉɪɢɦɟɪ 1. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 
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Ɋɟɲɟɧɢɟ. Ⱦɚɧɧɵɣ ɪɹɞ ɹɜɥɹɟɬɫɹ ɩɨɥɧɵɦ ɫɬɟɩɟɧɧɵɦ ɪɹɞɨɦ, ɩɨɷɬɨɦɭ ɞɥɹ 
ɧɚɯɨɠɞɟɧɢɹ ɪɚɞɢɭɫɚ ɫɯɨɞɢɦɨɫɬɢ ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɮɨɪɦɭɥɨɣ (3). Ɂɞɟɫɶ 
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ɂɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ ɢɦɟɟɬ ɜɢɞ 
5x , ɬ.ɟ. .55  x  

ɂɫɫɥɟɞɭɟɦ ɫɯɨɞɢɦɨɫɬɶ ɪɹɞɚ ɧɚ ɝɪɚɧɢɰɚɯ ɷɬɨɝɨ ɢɧɬɟɪɜɚɥɚ. 

1) ɉɪɢ 5x  ɩɨɥɭɱɚɟɦ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ 





0

3)1(
n

n n . ɗɬɨɬ ɪɹɞ 

ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ, ɬ.ɤ. 




3limlim nu
n

n
n

. Ɂɧɚɱɢɬ, ɬɨɱɤɚ 5x  ɧɟ ɜɯɨɞɢɬ ɜ ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ. 
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2) ɉɪɢ 5x  ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɩɪɢɧɢɦɚɟɬ ɜɢɞ 


0

3

n
n , ɤɨɬɨɪɵɣ ɹɜɥɹɟɬɫɹ 

ɪɚɫɯɨɞɹɳɢɦɫɹ ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ, ɩɨɷɬɨɦɭ ɬɨɱɤɚ 
5x  ɧɟ ɜɯɨɞɢɬ ɜ ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɛɥɚɫɬɶɸ 

ɫɯɨɞɢɦɨɫɬɢ ɢɫɯɨɞɧɨɝɨ ɪɹɞɚ ɹɜɥɹɟɬɫɹ ɢɧɬɟɪɜɚɥ 55  x .                                
ɉɪɢɦɟɪ 2. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 
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Ɋɟɲɟɧɢɟ. Ⱦɚɧɧɵɣ ɪɹɞ ɹɜɥɹɟɬɫɹ ɩɨɥɧɵɦ ɫɬɟɩɟɧɧɵɦ ɪɹɞɨɦ. ɇɚɣɞɟɦ 

ɪɚɞɢɭɫ ɫɯɨɞɢɦɨɫɬɢ ɩɨ ɮɨɪɦɭɥɟ (3), ɝɞɟ 
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ɡɧɚɱɢɬ, ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ ɜɫɟɯ Rx .                                                                    
ɉɪɢɦɟɪ 3. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 
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Ɋɟɲɟɧɢɟ. Ɂɚɞɚɧɧɵɣ ɪɹɞ – ɩɨɥɧɵɣ ɫɬɟɩɟɧɧɨɣ ɪɹɞ. Ɂɞɟɫɶ 
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nan . ɇɚɣɞɟɦ ɪɚɞɢɭɫ ɫɯɨɞɢɦɨɫɬɢ ɩɨ ɮɨɪɦɭɥɟ (3): 
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ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɪɹɞ ɫɯɨɞɢɬɫɹ ɬɨɥɶɤɨ ɜ ɨɞɧɨɣ ɬɨɱɤɟ 7x .                                
ɉɪɢɦɟɪ 4. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 
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Ɋɟɲɟɧɢɟ. ɉɟɪɟɩɢɲɟɦ ɞɚɧɧɵɣ ɪɹɞ ɜ ɫɥɟɞɭɸɳɟɦ ɜɢɞɟ: 
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ɗɬɨɬ ɪɹɞ ɹɜɥɹɟɬɫɹ ɧɟɩɨɥɧɵɦ ɫɬɟɩɟɧɧɵɦ ɪɹɞɨɦ, ɬ.ɤ. ɫɨɞɟɪɠɢɬ ɬɨɥɶɤɨ ɱɟɬɧɵɟ 
ɫɬɟɩɟɧɢ )25( x . ɉɪɢɦɟɧɢɦ ɩɪɢɡɧɚɤ Ⱦɚɥɚɦɛɟɪɚ. Ⱦɥɹ ɞɚɧɧɨɝɨ ɪɹɞɚ ɢɦɟɟɦ: 
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Ɋɹɞ ɫɯɨɞɢɬɫɹ, ɟɫɥɢ 1)25( 2 x  ɢɥɢ 2723  x , ɢ ɪɚɫɯɨɞɢɬɫɹ ɩɪɢ 
23x  ɢɥɢ 27x . ɂɫɫɥɟɞɭɟɦ ɫɯɨɞɢɦɨɫɬɶ ɪɹɞɚ ɧɚ ɝɪɚɧɢɰɚɯ ɢɧɬɟɪɜɚɥɚ 

ɫɯɨɞɢɦɨɫɬɢ. 
1) ɉɪɢ 27x  ɩɨɥɭɱɢɦ ɨɛɨɛɳɟɧɧɵɣ ɝɚɪɦɨɧɢɱɟɫɤɢɣ ɫɯɨɞɹɳɢɣɫɹ ɪɹɞ 
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1
n n

, ɬ.ɤ. 12  . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɬɨɱɤɚ 27x  ɜɯɨɞɢɬ ɜ ɢɧɬɟɪɜɚɥ 

ɫɯɨɞɢɦɨɫɬɢ. 

2) ɉɪɢ 23x  ɩɨɥɭɱɢɦ ɫɯɨɞɹɳɢɣɫɹ ɪɹɞ 


0
2

1
n n

 (ɫɦ. ɩɟɪɜɵɣ ɫɥɭɱɚɣ). 

Ɍɨɱɤɚ 23x  ɜɯɨɞɢɬ ɜ ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ. Ɂɧɚɱɢɬ, ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ 
ɢɫɯɨɞɧɨɝɨ ɪɹɞɚ ɹɜɥɹɟɬɫɹ ɨɬɪɟɡɤɨɦ 2723  x .                                                 

ɉɪɢɦɟɪ 5. ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ 







1

22
8

n

nn x . 

Ɋɟɲɟɧɢɟ. Ɂɚɩɢɲɟɦ ɪɹɞ ɜ ɪɚɡɜɟɪɧɭɬɨɦ ɜɢɞɟ: 
...8...888

229944  nn xxxx  . 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɛɟɫɤɨɧɟɱɧɨɟ ɱɢɫɥɨ ɟɝɨ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɪɚɜɧɨ ɧɭɥɸ, ɚ ɢɦɟɧɧɨ: 

0......11108765320  maaaaaaaaaa  ( 2nm  ). ɉɨɷɬɨɦɭ 
ɮɨɪɦɭɥɵ (3) ɢ (4) ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ ɪɚɞɢɭɫɚ ɫɯɨɞɢɦɨɫɬɢ ɡɞɟɫɶ ɧɟɩɪɢɦɟɧɢɦɵ. 
ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɪɚɞɢɤɚɥɶɧɵɦ ɩɪɢɡɧɚɤɨɦ Ʉɨɲɢ ɢ ɧɚɣɞɟɦ n n

n
xu )(lim


, ɝɞɟ 

22
8)( nn

n xxu  . 




)8(88)( limlimlimlim
2222 nn

n
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n
n nn

n
n n

n
xxxxu  














.81,18,0
,81,18,1
,81,18,

xɢɥɢxɟɫɥɢ
xɢɥɢxɟɫɥɢ

xɢɥɢxɟɫɥɢ
 

Ɂɧɚɱɢɬ, ɢɫɫɥɟɞɭɟɦɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 8181  x . Ɋɚɫɫɦɨɬɪɢɦ ɝɪɚɧɢɱɧɵɟ 
ɬɨɱɤɢ ɷɬɨɝɨ ɢɧɬɟɪɜɚɥɚ. 

1) ɉɪɢ 81x  ɢɦɟɟɦ ɪɹɞ ...1...111  , ɤɨɬɨɪɵɣ ɪɚɫɯɨɞɢɬɫɹ ɩɨ 
ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ, ɬ.ɤ. 011limlim 

 n
n

n
u . Ɍɨɱɤɚ 

81x  ɧɟ ɜɯɨɞɢɬ ɜ ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ. 
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2) ɉɪɢ 81x  ɩɨɥɭɱɢɦ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɚɫɯɨɞɹɳɢɣɫɹ ɪɹɞ 

...1111)1(
1

2




n

n  ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ. Ɍɨɱɤɚ 

81x  ɧɟ ɜɯɨɞɢɬ ɜ ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ. 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɢɫɫɥɟɞɭɟɦɨɝɨ ɪɹɞɚ – ɷɬɨ ɢɧɬɟɪɜɚɥ 

8181  x .                                                                                                           
ɋɜɨɣɫɬɜɚ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ 

ɋɜɨɣɫɬɜɨ 1. ɋɭɦɦɚ )(xS  ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ (1) ɹɜɥɹɟɬɫɹ ɧɟɩɪɟɪɵɜɧɨɣ 
ɮɭɧɤɰɢɟɣ ɜ ɢɧɬɟɪɜɚɥɟ ɫɯɨɞɢɦɨɫɬɢ );( RR . 

ɋɜɨɣɫɬɜɨ 2. ɋɬɟɩɟɧɧɵɟ ɪɹɞɵ 


0n

n
n xa  ɢ 



0n

n
n xb , ɢɦɟɸɳɢɟ ɪɚɞɢɭɫɵ 

ɫɯɨɞɢɦɨɫɬɢ 1R  ɢ 2R  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɦɨɠɧɨ ɩɨɱɥɟɧɧɨ ɫɤɥɚɞɵɜɚɬɶ, ɜɵɱɢɬɚɬɶ 
ɢ ɭɦɧɨɠɚɬɶ. Ɋɚɞɢɭɫ ɫɯɨɞɢɦɨɫɬɢ ɫɭɦɦɵ, ɪɚɡɧɨɫɬɢ ɢ ɩɪɨɢɡɜɟɞɟɧɢɹ ɪɹɞɨɜ ɧɟ 
ɦɟɧɶɲɟ, ɱɟɦ ɦɟɧɶɲɟɟ ɢɡ ɱɢɫɟɥ 1R  ɢ 2R . 

ɋɜɨɣɫɬɜɨ 3. ɋɬɟɩɟɧɧɨɣ ɪɹɞ ɦɨɠɧɨ ɩɨɱɥɟɧɧɨ ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɬɶ ɜɧɭɬɪɢ 
ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ, ɩɪɢ ɷɬɨɦ ɞɥɹ ɪɹɞɚ (1) 

......)( 3
3

2
210  n

n xaxaxaxaaxS  
ɩɪɢ RxR   ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 
                              ......32)( 12

321  n
n xanxaxaaxS ,                       (5) 

ɬ.ɟ. ɫɭɦɦɚ ɪɹɞɚ, ɩɨɥɭɱɟɧɧɨɝɨ ɩɨɱɥɟɧɧɵɦ ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɟɦ ɫɬɟɩɟɧɧɨɝɨ 
ɪɹɞɚ, ɜɧɭɬɪɢ ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ ɪɚɜɧɚ ɩɪɨɢɡɜɨɞɧɨɣ ɨɬ ɫɭɦɦɵ 
ɩɟɪɜɨɧɚɱɚɥɶɧɨɝɨ ɪɹɞɚ. 

ɂɡ ɷɬɨɝɨ ɫɜɨɣɫɬɜɚ ɫɥɟɞɭɟɬ, ɱɬɨ ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɦɨɠɧɨ ɩɨɱɥɟɧɧɨ 
ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɬɶ ɜɧɭɬɪɢ ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ ɫɤɨɥɶɤɨ ɭɝɨɞɧɨ ɪɚɡ. 

ɋɜɨɣɫɬɜɨ 4. ɋɬɟɩɟɧɧɨɣ ɪɹɞ ɦɨɠɧɨ ɩɨɱɥɟɧɧɨ ɢɧɬɟɝɪɢɪɨɜɚɬɶ ɧɚ ɤɚɠɞɨɦ 
ɨɬɪɟɡɤɟ, ɪɚɫɩɨɥɨɠɟɧɧɨɦ ɜɧɭɬɪɢ ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ, ɩɪɢ ɷɬɨɦ ɞɥɹ ɪɹɞɚ (1) 
ɩɪɢ RxaR   ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 

                        ......)( 2
210  

x

a

n
n

x

a

x

a

x

a

x

a
dttadttadttadtadttS ,                (6) 

ɬ.ɟ. ɫɭɦɦɚ ɪɹɞɚ, ɩɨɥɭɱɟɧɧɨɝɨ ɩɨɱɥɟɧɧɵɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ, 
ɜɧɭɬɪɢ ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ ɪɚɜɧɚ ɢɧɬɟɝɪɚɥɭ ɨɬ ɫɭɦɦɵ ɩɟɪɜɨɧɚɱɚɥɶɧɨɝɨ 
ɪɹɞɚ. 

Ɋɹɞɵ (5) ɢ (6) ɢɦɟɸɬ ɬɨɬ ɠɟ ɪɚɞɢɭɫ ɫɯɨɞɢɦɨɫɬɢ, ɱɬɨ ɢ ɢɫɯɨɞɧɵɣ 
ɫɬɟɩɟɧɧɨɣ ɪɹɞ (1). 

ɉɟɪɟɱɢɫɥɟɧɧɵɟ ɫɜɨɣɫɬɜɚ ɨɫɬɚɸɬɫɹ ɫɩɪɚɜɟɞɥɢɜɵɦɢ ɢ ɞɥɹ ɫɬɟɩɟɧɧɵɯ 
ɪɹɞɨɜ ɜɢɞɚ (2). 

ɋɜɨɣɫɬɜɚ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ ɲɢɪɨɤɨ ɩɪɢɦɟɧɹɸɬɫɹ ɜ ɩɪɢɛɥɢɠɟɧɧɵɯ 
ɜɵɱɢɫɥɟɧɢɹɯ ɢ ɬɟɨɪɟɬɢɱɟɫɤɢɯ ɢɫɫɥɟɞɨɜɚɧɢɹɯ. Ɍɚɤ, ɧɚɩɪɢɦɟɪ, ɫɜɨɣɫɬɜɚ ɨ 
ɩɨɱɥɟɧɧɨɦ ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɢ ɢ ɩɨɱɥɟɧɧɨɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɢ ɱɚɫɬɨ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ ɫɭɦɦɵ )(xS  ɮɭɧɤɰɢɨɧɚɥɶɧɵɯ (ɫɬɟɩɟɧɧɵɯ) 
ɪɹɞɨɜ. ȿɫɥɢ ɫɭɦɦɭ )(xS  ɧɟɤɨɬɨɪɨɝɨ ɪɹɞɚ ɬɪɭɞɧɨ ɧɚɣɬɢ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ, ɧɨ 
ɥɟɝɤɨ ɧɚɣɬɢ ɫɭɦɦɭ ɪɹɞɚ ɩɪɨɢɡɜɨɞɧɵɯ (ɢɥɢ ɢɧɬɟɝɪɚɥɨɜ), ɬɨ, ɞɢɮɮɟɪɟɧɰɢɪɭɹ 
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(ɢɥɢ ɢɧɬɟɝɪɢɪɭɹ) ɪɹɞ ɫ ɢɡɜɟɫɬɧɨɣ ɫɭɦɦɨɣ, ɦɨɠɧɨ ɜɵɱɢɫɥɢɬɶ ɢ ɫɭɦɦɭ 
ɢɫɯɨɞɧɨɝɨ ɪɹɞɚ )(xS . 

 
 
 
 
 

§6. Ɋɚɡɥɨɠɟɧɢɟ ɮɭɧɤɰɢɣ ɜ ɫɬɟɩɟɧɧɵɟ ɪɹɞɵ 
 

Ɋɹɞɵ Ɍɟɣɥɨɪɚ ɢ Ɇɚɤɥɨɪɟɧɚ 
 

Ⱦɥɹ ɩɪɢɥɨɠɟɧɢɣ ɜɚɠɧɨ ɭɦɟɬɶ ɞɚɧɧɭɸ ɮɭɧɤɰɢɸ )(xf  ɪɚɫɤɥɚɞɵɜɚɬɶ ɜ 
ɫɬɟɩɟɧɧɨɣ ɪɹɞ, ɬ.ɟ. ɩɪɟɞɫɬɚɜɥɹɬɶ ɮɭɧɤɰɢɸ )(xf  ɜ ɜɢɞɟ ɫɭɦɦɵ ɫɬɟɩɟɧɧɨɝɨ 
ɪɹɞɚ. 

Ⱦɥɹ ɥɸɛɨɣ ɮɭɧɤɰɢɢ )(xf , ɨɩɪɟɞɟɥɟɧɧɨɣ ɜ ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ 0x  ɢ 
ɢɦɟɸɳɟɣ ɜ ɧɟɣ ɩɪɨɢɡɜɨɞɧɵɟ ɞɨ )1( n -ɝɨ ɩɨɪɹɞɤɚ ɜɤɥɸɱɢɬɟɥɶɧɨ, 
ɫɩɪɚɜɟɞɥɢɜɚ ɮɨɪɦɭɥɚ Ɍɟɣɥɨɪɚ: 
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cfxR , );( 0 xxc , – ɨɫɬɚɬɨɱɧɵɣ ɱɥɟɧ ɮɨɪɦɭɥɵ 

Ɍɟɣɥɨɪɚ ɜ ɮɨɪɦɟ Ʌɚɝɪɚɧɠɚ. ɑɢɫɥɨ c  ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ 
)( 00 xxxc   , ɝɞɟ 10  . 

ȼɫɹɤɚɹ ɮɭɧɤɰɢɹ )(xf , ɢɦɟɸɳɚɹ ɩɪɨɢɡɜɨɞɧɵɟ ɥɸɛɵɯ ɩɨɪɹɞɤɨɜ (ɬ.ɟ. 
ɛɟɫɤɨɧɟɱɧɨ ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚɹ) ɜ ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ 0x , ɦɨɠɟɬ ɛɵɬɶ 
ɪɚɡɥɨɠɟɧɚ ɩɨ ɫɬɟɩɟɧɹɦ )( 0xx  : 
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


 n

n
xx
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xfxxxfxxxfxfxf .  (1) 

Ɋɚɡɥɨɠɟɧɢɟ (1) ɮɭɧɤɰɢɢ )(xf  ɩɨ ɫɬɟɩɟɧɹɦ )( 0xx   ɧɚɡɵɜɚɟɬɫɹ ɪɹɞɨɦ 
Ɍɟɣɥɨɪɚ. 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɪɹɞ Ɍɟɣɥɨɪɚ ɮɨɪɦɚɥɶɧɨ ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɞɥɹ ɥɸɛɨɣ 
ɛɟɫɤɨɧɟɱɧɨ ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɨɣ ɮɭɧɤɰɢɢ )(xf  ɜ ɨɤɪɟɫɬɧɨɫɬɢ ɬɨɱɤɢ 0x  (ɷɬɨ 
ɧɟɨɛɯɨɞɢɦɨɟ ɭɫɥɨɜɢɟ). ɇɨ ɨɬɫɸɞɚ ɟɳɟ ɧɟ ɫɥɟɞɭɟɬ, ɱɬɨ ɪɹɞ Ɍɟɣɥɨɪɚ ɛɭɞɟɬ 
ɫɯɨɞɢɬɶɫɹ ɤ ɞɚɧɧɨɣ ɮɭɧɤɰɢɢ )(xf . Ɉɧ ɦɨɠɟɬ ɛɵɬɶ ɪɚɫɯɨɞɹɳɢɦɫɹ ɢɥɢ 
ɫɯɨɞɹɳɢɦɫɹ, ɧɨ ɧɟ ɤ ɮɭɧɤɰɢɢ )(xf . 

ɉɪɢɦɟɪ 1. Ɏɭɧɤɰɢɹ 


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



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,0,)(

21

xɟɫɥɢ
xɟɫɥɢexf
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ɢɦɟɟɬ ɜ ɬɨɱɤɟ 0x  ɩɪɨɢɡɜɨɞɧɵɟ ɜɫɟɯ ɩɨɪɹɞɤɨɜ, ɩɪɢɱɟɦ 0)0()( nf  ɩɪɢ 
ɜɫɹɤɨɦ n . Ɋɹɞ Ɍɟɣɥɨɪɚ ɢɦɟɟɬ ɜɢɞ 

...
!

0...
!2

0
!1

00 2  nx
n

xx  . 

ɗɬɨɬ ɪɹɞ ɫɯɨɞɢɬɫɹ, ɧɨ ɟɝɨ ɫɭɦɦɚ )(xS  ɜ ɥɸɛɨɣ ɬɨɱɤɟ x  ɪɚɜɧɚ ɧɭɥɸ, ɚ ɧɟ 
)(xf .                                                                                                                         
ȼ ɫɥɟɞɭɸɳɟɣ ɬɟɨɪɟɦɟ ɩɪɢɜɟɞɟɧɵ ɧɟɨɛɯɨɞɢɦɨɟ ɢ ɞɨɫɬɚɬɨɱɧɨɟ ɭɫɥɨɜɢɹ 

ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɚ Ɍɟɣɥɨɪɚ ɤ ɮɭɧɤɰɢɢ )(xf , ɩɨɪɨɠɞɚɸɳɟɣ ɷɬɨɬ ɪɹɞ. 
Ɍɟɨɪɟɦɚ. Ⱦɥɹ ɬɨɝɨ ɱɬɨɛɵ ɪɹɞ Ɍɟɣɥɨɪɚ (1), ɫɨɫɬɚɜɥɟɧɧɵɣ ɞɥɹ ɮɭɧɤɰɢɢ 

)(xf , ɫɯɨɞɢɥɫɹ ɤ ɷɬɨɣ ɮɭɧɤɰɢɢ )(xf  ɜ ɬɨɱɤɟ x , ɧɟɨɛɯɨɞɢɦɨ ɢ ɞɨɫɬɚɬɨɱɧɨ, 
ɱɬɨɛɵ ɜ ɷɬɨɣ ɬɨɱɤɟ ɨɫɬɚɬɨɱɧɵɣ ɱɥɟɧ ɮɨɪɦɭɥɵ Ɍɟɣɥɨɪɚ ɫɬɪɟɦɢɥɫɹ ɤ ɧɭɥɸ ɩɪɢ 

n , ɬ.ɟ. ɱɬɨɛɵ 0)(lim 


xRn
n

. 

Ɂɚɞɚɱɚ ɪɚɡɥɨɠɟɧɢɹ ɮɭɧɤɰɢɢ )(xf  ɜ ɫɬɟɩɟɧɧɨɣ ɪɹɞ, ɫɯɨɞɹɳɢɣɫɹ ɤ 
ɞɚɧɧɨɣ ɮɭɧɤɰɢɢ )(xf , ɫɜɨɞɢɬɫɹ ɤ ɧɚɯɨɠɞɟɧɢɸ ɡɧɚɱɟɧɢɣ x , ɩɪɢ ɤɨɬɨɪɵɯ 

0)( xRn  ɩɪɢ n . 
ȼ ɫɥɭɱɚɟ, ɟɫɥɢ ɜ ɪɹɞɟ Ɍɟɣɥɨɪɚ (1) 00 x , ɬɨ ɩɨɥɭɱɚɟɦ ɪɚɡɥɨɠɟɧɢɟ 

ɮɭɧɤɰɢɢ ɩɨ ɫɬɟɩɟɧɹɦ x : 

                       ...
!

)0(...
!2

)0(
!1

)0()0()(
)(

2 





 n
n

x
n

fxfxffxf .                   (2) 

Ɋɹɞ (2) ɧɚɡɵɜɚɟɬɫɹ ɪɹɞɨɦ Ɇɚɤɥɨɪɟɧɚ. 
Ɋɹɞ Ɍɟɣɥɨɪɚ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɜɢɞɚ (2) (ɫɦ. §5), ɚ ɪɹɞ 

Ɇɚɤɥɨɪɟɧɚ – ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɜɢɞɚ (1) (ɫɦ. §5). 
ɉɪɢ ɪɚɡɥɨɠɟɧɢɢ ɮɭɧɤɰɢɣ ɜ ɪɹɞ Ɍɟɣɥɨɪɚ ɧɭɠɧɨ: 
1) ɧɚɣɬɢ ɩɪɨɢɡɜɨɞɧɵɟ )(xf  , )(xf  ,…, )()( xf n ,…; 
2) ɜɵɱɢɫɥɢɬɶ ɡɧɚɱɟɧɢɟ ɮɭɧɤɰɢɢ ɜ ɬɨɱɤɟ 0x  ɢ ɡɧɚɱɟɧɢɹ ɩɪɨɢɡɜɨɞɧɵɯ ɜ 

ɬɨɱɤɟ 0x ; 
3) ɫɨɫɬɚɜɢɬɶ ɪɹɞ (1) ɞɥɹ ɡɚɞɚɧɧɨɣ ɮɭɧɤɰɢɢ; 
4) ɧɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɩɨɥɭɱɟɧɧɨɝɨ ɪɹɞɚ; 
5) ɜɵɹɫɧɢɬɶ, ɞɥɹ ɤɚɤɢɯ ɡɧɚɱɟɧɢɣ x  ɢɡ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɨɫɬɚɬɨɱɧɵɣ 

ɱɥɟɧ ɪɹɞɚ Ɍɟɣɥɨɪɚ 0)( xRn  ɩɪɢ n . ȿɫɥɢ ɬɚɤɢɟ ɡɧɚɱɟɧɢɹ x  ɧɚɣɞɟɧɵ, ɬɨ 
ɞɥɹ ɷɬɢɯ ɡɧɚɱɟɧɢɣ ɦɟɠɞɭ ɮɭɧɤɰɢɟɣ )(xf  ɢ ɪɹɞɨɦ Ɍɟɣɥɨɪɚ ɦɨɠɧɨ ɩɨɫɬɚɜɢɬɶ 
ɡɧɚɤ ɪɚɜɟɧɫɬɜɚ. 

Ɂɚɦɟɱɚɧɢɟ. ȼ ɢɧɬɟɪɜɚɥɟ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɨɫɬɚɬɨɱɧɵɣ ɱɥɟɧ 
ɫɬɪɟɦɢɬɫɹ ɤ ɧɭɥɸ ɩɪɢ n . 

ɉɪɢɦɟɪ 2. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ 
x

xf



1

1)(  ɜ ɪɹɞ Ɍɟɣɥɨɪɚ ɜ ɨɤɪɟɫɬɧɨɫɬɢ 

ɬɨɱɤɢ 20 x . ɇɚɣɬɢ ɨɛɥɚɫɬɶ ɫɯɨɞɢɦɨɫɬɢ ɩɨɥɭɱɟɧɧɨɝɨ ɪɹɞɚ. 
Ɋɟɲɟɧɢɟ. ɇɚɯɨɞɢɦ ɩɪɨɢɡɜɨɞɧɵɟ ɞɚɧɧɨɣ ɮɭɧɤɰɢɢ ɢ ɜɵɱɢɫɥɹɟɦ ɡɧɚɱɟɧɢɟ 

ɮɭɧɤɰɢɢ ɢ ɡɧɚɱɟɧɢɹ ɩɪɨɢɡɜɨɞɧɵɯ ɜ ɬɨɱɤɟ 20 x : 



 25 

,1
1

1
1

1)2(
22








 xx xx

f  

,!11)2(,)1())1(()( 21   fxxxf  
,!2)2(,)1(!2)1(2)( 33   fxxxf  
,!3)2(,)1(!3)1(32)( 44   fxxxf  

,!4)2(,)1(!4)1(432)( 55   IVIV fxxxf  
…………………………………………… 

,)1(!)1()1(...432)1()( )1(1)1(1)(   nnnnn xnxnxf  
!.)1()2( 1)( nf nn    

ɋɨɫɬɚɜɢɦ ɪɹɞ Ɍɟɣɥɨɪɚ: 
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ɂɫɫɥɟɞɭɟɦ ɫɯɨɞɢɦɨɫɬɶ ɩɨɥɭɱɟɧɧɨɝɨ ɪɹɞɚ. Ⱦɥɹ ɷɬɨɝɨ ɧɚɣɞɟɦ ɟɝɨ ɪɚɞɢɭɫ 
ɫɯɨɞɢɦɨɫɬɢ, ɬ.ɤ. ɷɬɨɬ ɪɹɞ ɹɜɥɹɟɬɫɹ ɩɨɥɧɵɦ ɫɬɟɩɟɧɧɵɦ ɪɹɞɨɦ. 

111
)1(
)1(

limlimlimlim 2

1

1












 nnn

n

nn

n

n a
aR , 

ɝɞɟ 1)1(  n
na . Ɋɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ 12 x , ɬ.ɟ. 31  x , ɢ ɪɚɫɯɨɞɢɬɫɹ ɩɪɢ 

1x  ɢɥɢ 3x . ɂɫɫɥɟɞɭɟɦ ɫɯɨɞɢɦɨɫɬɶ ɪɹɞɚ ɧɚ ɝɪɚɧɢɰɚɯ ɷɬɨɝɨ ɢɧɬɟɪɜɚɥɚ. 
1) ɉɪɢ 1x  ɩɨɥɭɱɢɦ ɡɧɚɤɨɨɬɪɢɰɚɬɟɥɶɧɵɣ ɪɹɞ 






 
0

12 ...1...111)1(
n

n , ɤɨɬɨɪɵɣ ɪɚɫɯɨɞɢɬɫɹ ɩɨ ɫɜɨɣɫɬɜɭ, ɬ.ɤ. 

ɪɚɫɯɨɞɢɬɫɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɪɹɞ ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ 
ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ ( 011lim 

n
). 

2) ɉɪɢ 3x  ɩɨɥɭɱɢɦ ɪɚɫɯɨɞɹɳɢɣɫɹ ɡɧɚɤɨɱɟɪɟɞɭɸɳɢɣɫɹ ɪɹɞ 






 
0

1 ...11111)1(
n

n  ɩɨ ɞɨɫɬɚɬɨɱɧɨɦɭ ɩɪɢɡɧɚɤɭ ɪɚɫɯɨɞɢɦɨɫɬɢ. 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɛɥɚɫɬɶɸ ɫɯɨɞɢɦɨɫɬɢ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ ɹɜɥɹɟɬɫɹ ɢɧɬɟɪɜɚɥ 

31  x  ɢ ɪɹɞ ɫɯɨɞɢɬɫɹ ɤ ɮɭɧɤɰɢɢ 
x

xf



1

1)(  ɜɧɭɬɪɢ ɷɬɨɝɨ ɢɧɬɟɪɜɚɥɚ.         

 
ɉɪɢɜɟɞɟɦ ɧɢɠɟ ɪɚɡɥɨɠɟɧɢɹ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ ɞɥɹ ɧɟɤɨɬɨɪɵɯ 

ɷɥɟɦɟɧɬɚɪɧɵɯ ɮɭɧɤɰɢɣ, ɤɨɬɨɪɵɟ ɜ ɞɚɥɶɧɟɣɲɟɦ ɦɨɝɭɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧɵ ɞɥɹ 
ɪɚɡɥɨɠɟɧɢɹ ɦɧɨɝɢɯ ɞɪɭɝɢɯ ɮɭɧɤɰɢɣ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. 
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Ɋɚɡɥɨɠɟɧɢɟ ɧɟɤɨɬɨɪɵɯ ɷɥɟɦɟɧɬɚɪɧɵɯ ɮɭɧɤɰɢɣ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ 
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ɝɞɟ m  – ɥɸɛɨɟ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ. Ɋɹɞ (3) ɧɚɡɵɜɚɟɬɫɹ ɛɢɧɨɦɢɚɥɶɧɵɦ 
ɪɹɞɨɦ. 
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ɋ ɩɨɦɨɳɶɸ ɪɚɡɥɨɠɟɧɢɣ (3) – (11) ɦɨɠɧɨ ɞɨɜɨɥɶɧɨ ɩɪɨɫɬɨ ɧɚɯɨɞɢɬɶ 
ɪɚɡɥɨɠɟɧɢɹ ɦɧɨɝɢɯ ɞɪɭɝɢɯ ɮɭɧɤɰɢɣ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. Ɍɚɤ, ɧɚɩɪɢɦɟɪ, ɞɥɹ 
ɧɚɯɨɠɞɟɧɢɹ ɪɚɡɥɨɠɟɧɢɹ ɮɭɧɤɰɢɢ 3sin)( xxf   ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ ɫɥɟɞɭɟɬ ɜ 
ɪɚɜɟɧɫɬɜɟ (5) ɡɚɦɟɧɢɬɶ x  ɧɚ 3x . ɉɪɢ ɷɬɨɦ ɨɬɩɚɞɚɟɬ ɧɟɨɛɯɨɞɢɦɨɫɬɶ 
ɢɫɫɥɟɞɨɜɚɬɶ ɨɫɬɚɬɨɱɧɵɟ ɱɥɟɧɵ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɮɨɪɦɭɥ Ɍɟɣɥɨɪɚ ɫ ɰɟɥɶɸ 
ɜɵɹɫɧɟɧɢɹ, ɦɨɠɧɨ ɥɢ ɦɟɠɞɭ ɫɨɫɬɚɜɥɟɧɧɵɦ ɪɹɞɨɦ ɢ ɫɚɦɨɣ ɢɫɯɨɞɧɨɣ 
ɮɭɧɤɰɢɟɣ ɩɨɫɬɚɜɢɬɶ ɡɧɚɤ ɪɚɜɟɧɫɬɜɚ, ɬɚɤ ɤɚɤ ɨɛɥɚɫɬɢ ɫɯɨɞɢɦɨɫɬɢ ɬɚɛɥɢɱɧɵɯ 
ɪɹɞɨɜ ɢɡɜɟɫɬɧɵ. Ʉɪɨɦɟ ɷɬɨɝɨ, ɢɧɨɝɞɚ ɪɚɡɥɨɠɟɧɢɟ ɮɭɧɤɰɢɢ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ 
ɩɨɥɭɱɚɟɬɫɹ ɫɥɨɠɟɧɢɟɦ ɬɚɛɥɢɱɧɵɯ (ɪɹɞɵ (3) – (11)) ɢɥɢ ɪɚɧɟɟ ɧɚɣɞɟɧɧɵɯ 
ɪɚɡɥɨɠɟɧɢɣ, ɚ ɬɚɤɠɟ ɫ ɩɨɦɨɳɶɸ ɜɵɱɢɬɚɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɢɡɜɟɫɬɧɨɝɨ 
ɪɚɡɥɨɠɟɧɢɹ ɧɚ ɱɢɫɥɨ. ɇɚɩɪɢɦɟɪ, ɞɥɹ ɪɚɡɥɨɠɟɧɢɹ ɮɭɧɤɰɢɢ 

xxxf cos)3()( 5   ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ ɧɭɠɧɨ ɪɚɡɥɨɠɟɧɢɟ (6) ɭɦɧɨɠɢɬɶ ɧɚ 5x  
ɢ 3 , ɚ ɡɚɬɟɦ ɫɥɨɠɢɬɶ ɩɨɥɭɱɟɧɧɵɟ ɪɚɡɥɨɠɟɧɢɹ ɮɭɧɤɰɢɣ xx cos5  ɢ xcos3 . 
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Ɍɚɤɠɟ ɪɹɞɵ (3) – (11) ɢɫɩɨɥɶɡɭɸɬɫɹ ɜ ɤɨɦɛɢɧɚɰɢɢ ɫ ɩɪɚɜɢɥɚɦɢ 
ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ ɢ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ (ɫɦ. ɫɜɨɣɫɬɜɚ 
ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ) ɞɥɹ ɪɚɡɥɨɠɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɮɭɧɤɰɢɣ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. Ɍɚɤ, 

ɩɪɢ ɢɧɬɟɝɪɢɪɨɜɚɧɢɢ ɢɡɜɟɫɬɧɨɝɨ ɪɚɡɥɨɠɟɧɢɹ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ ɮɭɧɤɰɢɢ 
x1

1  

ɩɨɥɭɱɚɟɬɫɹ ɬɚɛɥɢɱɧɨɟ ɪɚɡɥɨɠɟɧɢɟ (7). 
ɉɪɢɦɟɪ 3. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ xxf 7)(   ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. 
Ɋɟɲɟɧɢɟ. ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɝɨɬɨɜɵɦ ɪɚɡɥɨɠɟɧɢɟɦ (4). Ɍɚɤ ɤɚɤ 

7ln7ln7 xx ee
x
 , ɬɨ ɡɚɦɟɧɢɦ ɜ ɪɚɡɥɨɠɟɧɢɢ (4) x  ɧɚ 7lnx : 
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Ɋɚɡɥɨɠɟɧɢɟ ɢɦɟɟɬ ɦɟɫɬɨ ɞɥɹ x , ɬ.ɤ. 7lnx  ɩɪɢ x .                            

ɉɪɢɦɟɪ 4. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ 
5

cos)(
4xxf   ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. 

Ɋɟɲɟɧɢɟ. ɉɪɢɦɟɧɢɦ ɬɚɛɥɢɱɧɨɟ ɪɚɡɥɨɠɟɧɢɟ (6), ɜ ɤɨɬɨɪɨɦ ɡɚɦɟɧɢɦ x  ɧɚ 
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Ɋɚɡɥɨɠɟɧɢɟ ɢɦɟɟɬ ɦɟɫɬɨ ɞɥɹ x , ɬ.ɤ. 
5

4x  ɩɪɢ x .                               

ɉɪɢɦɟɪ 5. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ xxf 3sin)( 2  ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. 
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ɬɚɛɥɢɱɧɨɟ ɪɚɡɥɨɠɟɧɢɟ (6) ɞɥɹ ɮɭɧɤɰɢɢ x6cos , ɜ ɤɨɬɨɪɨɦ ɡɚɦɟɧɢɦ x  ɧɚ x6 , 
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ɝɞɟ x .                                                                                                                  

ɉɪɢɦɟɪ 6. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ 
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Ɋɟɲɟɧɢɟ. Ɍɚɤ ɤɚɤ 






















 














 






 

14
1ln2ln

14
1ln2ln

14
12ln

7
2ln xxxx , 

ɬɨ, ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɝɨɬɨɜɵɦ ɪɚɡɥɨɠɟɧɢɟɦ (7), ɜ ɤɨɬɨɪɨɦ ɡɚɦɟɧɢɦ x  ɧɚ 







14
x . 

Ɍɨɝɞɚ ɩɨɥɭɱɢɦ 























  ...

4
)14(

3
)14(

2
)14(

14
2ln

7
2ln

432 xxxxx  

                                                                                          






...

1
)14()1(

1

n
x n

n  













 
 ...

14)1(
1...

144
1

143
1

142
1

14
12ln 1

1
4

4
3

3
2

2
n

n x
n

xxxx

 

,
14)1(

12ln 1

0
1





 


  n

n
n x

n
 

ɝɞɟ 1
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1 
x , ɬ.ɟ 1414  x .                                                                          

ɉɪɢɦɟɪ 7. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ 
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
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ɝɞɟ 1
8

1
7


x , ɬ.ɟ. 77 88  x .                                                                     

ɉɪɢɦɟɪ 8. Ɋɚɡɥɨɠɢɬɶ ɮɭɧɤɰɢɸ xarctgxxf 2)(   ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ. 
Ɋɟɲɟɧɢɟ. ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɝɨɬɨɜɵɦ ɪɚɡɥɨɠɟɧɢɟɦ (8): 
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ɝɞɟ 11  x .                                                                                                           
 
 
 
 
 

§7. ɇɟɤɨɬɨɪɵɟ ɩɪɢɥɨɠɟɧɢɹ ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ 
 

1. ɉɪɢɛɥɢɠɟɧɧɨɟ ɜɵɱɢɫɥɟɧɢɟ ɡɧɚɱɟɧɢɣ ɮɭɧɤɰɢɢ 
 

Ɋɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ ɜɵɱɢɫɥɟɧɢɹ ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɢ )(xf  ɩɪɢ 1xx   ɫ 
ɡɚɞɚɧɧɨɣ ɬɨɱɧɨɫɬɶɸ 0 . 

ɉɭɫɬɶ ɮɭɧɤɰɢɹ )(xf  ɜ ɢɧɬɟɪɜɚɥɟ );( RR  ɦɨɠɟɬ ɛɵɬɶ ɪɚɡɥɨɠɟɧɚ ɜ 
ɫɬɟɩɟɧɧɨɣ ɪɹɞ 

......)( 2
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n xaxaxaaxf  
ɢ );(1 RRx  . Ɍɨɝɞɚ ɬɨɱɧɨɟ ɡɧɚɱɟɧɢɟ )( 1xf  ɪɚɜɧɨ ɫɭɦɦɟ ɷɬɨɝɨ ɪɹɞɚ ɩɪɢ 
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Ɍɨɱɧɨɫɬɶ ɷɬɨɝɨ ɩɪɢɛɥɢɠɟɧɧɨɝɨ ɪɚɜɟɧɫɬɜɚ ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɫ ɪɨɫɬɨɦ ɧɨɦɟɪɚ n . 
Ⱥɛɫɨɥɸɬɧɚɹ ɨɲɢɛɤɚ ɩɪɢɛɥɢɠɟɧɧɨɝɨ ɪɚɜɟɧɫɬɜɚ ɪɚɜɧɚ ɦɨɞɭɥɸ ɨɫɬɚɬɤɚ 

ɪɹɞɚ, ɬ.ɟ. 
)()()( 111 xrxSxf nn  , 
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Ⱦɪɭɝɢɦɢ ɫɥɨɜɚɦɢ, ɚɛɫɨɥɸɬɧɚɹ ɨɲɢɛɤɚ )()( 11 xSxf n  ɧɚɯɨɞɢɬɫɹ ɤɚɤ ɨɰɟɧɤɚ 
ɨɫɬɚɬɤɚ )( 1xrn  ɩɨɥɭɱɟɧɧɨɝɨ ɪɹɞɚ. ȿɫɥɢ ɪɹɞ ɹɜɥɹɟɬɫɹ ɪɹɞɨɦ ɥɟɣɛɧɢɰɟɜɫɤɨɝɨ 
ɬɢɩɚ, ɬɨ ɨɲɢɛɤɚ ɦɟɧɶɲɟ, ɱɟɦ ɦɨɞɭɥɶ ɩɟɪɜɨɝɨ ɢɡ ɨɬɛɪɨɲɟɧɧɵɯ ɱɥɟɧɨɜ, ɬ.ɟ. 

)(...)()()()( 111312111 xuxuxuxuxr nnnnn   . 
ȼ ɫɥɭɱɚɟ, ɤɨɝɞɚ ɪɹɞ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɢɥɢ ɡɧɚɤɨɩɟɪɟɦɟɧɧɵɣ, ɩɨɫɬɭɩɚɸɬ 
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: ɞɥɹ ɷɬɨɝɨ ɪɹɞɚ ɫɨɫɬɚɜɥɹɸɬ ɪɹɞ ɢɡ ɦɨɞɭɥɟɣ ɟɝɨ ɱɥɟɧɨɜ ɢ 
ɩɨɞɛɢɪɚɸɬ ɞɥɹ ɧɟɝɨ ɩɨɥɨɠɢɬɟɥɶɧɵɣ ɪɹɞ ɫ ɛɨɥɶɲɢɦɢ ɱɥɟɧɚɦɢ (ɤɚɤ ɩɪɚɜɢɥɨ, 
ɷɬɨ ɫɯɨɞɹɳɢɣɫɹ ɪɹɞ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ), ɤɨɬɨɪɵɣ ɛɵ ɥɟɝɤɨ 
ɫɭɦɦɢɪɨɜɚɥɫɹ. ɂ ɬɨɝɞɚ ɜ ɤɚɱɟɫɬɜɟ ɨɰɟɧɤɢ )( 1xrn  ɛɟɪɟɬɫɹ ɜɟɥɢɱɢɧɚ ɨɫɬɚɬɤɚ 
ɧɨɜɨɝɨ ɪɹɞɚ. 

ɉɪɢɦɟɪ 1. ɇɚɣɬɢ 1cos  ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 0001,0 . 
Ɋɟɲɟɧɢɟ. ȼ ɪɚɡɥɨɠɟɧɢɢ (6) (ɫɦ. §6) ɩɨɥɨɠɢɦ 1x  ɢ ɩɨɥɭɱɢɦ: 
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ɬɨɱɧɨɫɬɶɸ ɞɨ 0001,0  ɞɨɫɬɚɬɨɱɧɨ ɜɡɹɬɶ ɱɟɬɵɪɟ ɩɟɪɜɵɯ ɫɥɚɝɚɟɦɵɯ: 
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!2

111cos  . 

ɉɪɢ ɷɬɨɦ ɞɨɩɭɫɤɚɟɦɚɹ ɨɲɢɛɤɚ ɦɟɧɶɲɟ, ɱɟɦ ɦɨɞɭɥɶ ɩɟɪɜɨɝɨ ɨɬɛɪɨɲɟɧɧɨɝɨ 
ɱɥɟɧɚ, ɬ.ɟ. ɦɟɧɶɲɟ 0,00002.                                                                                     

ɉɪɢɦɟɪ 2. ɇɚɣɬɢ 3 e  ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 0,00001. 
Ɋɟɲɟɧɢɟ. ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɝɨɬɨɜɵɦ ɪɚɡɥɨɠɟɧɢɟɦ (4) (ɫɦ. §6) ɢ ɩɨɥɨɠɢɦ ɜ 

ɧɟɦ 31x : 

 ...
!
)31(...

!3
)31(

!2
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3

n
e

n
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1
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1
3
11 32 










nn  . 

ɋɩɪɚɜɚ ɩɨɥɭɱɢɥɢ ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɪɹɞ. ɉɨɷɬɨɦɭ ɞɥɹ ɨɰɟɧɤɢ ɨɲɢɛɤɢ 
)(xrn  ɢ ɩɨɞɛɟɪɟɦ ɞɥɹ ɪɹɞɚ )(xrn  ɡɧɚɤɨɩɨɥɨɠɢɬɟɥɶɧɵɣ ɪɹɞ ɫ ɛɨɥɶɲɢɦɢ 

ɱɥɟɧɚɦɢ: 





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


  ...
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

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
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



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  ...

)3)(2(3
1

)2(3
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)!1(3
1
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
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
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










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
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xr nn . Ɍɟɩɟɪɶ ɨɫɬɚɟɬɫɹ ɩɨɞɨɛɪɚɬɶ ɧɚɢɦɟɧɶɲɟɟ 

ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ n , ɱɬɨɛɵ ɜɵɩɨɥɧɹɥɨɫɶ ɧɟɪɚɜɟɧɫɬɜɨ 

00001,0
)23(!3

1


 nnn . ɗɬɨ ɧɟɪɚɜɟɧɫɬɜɨ ɜɵɩɨɥɧɹɟɬɫɹ ɩɪɢ 5n . Ɍɨɝɞɚ 

                        39561,1
!53

1
!43

1
!33

1
!23

1
3
11 5432

3 











e .                   

 
 

2. ɉɪɢɛɥɢɠɟɧɧɨɟ ɜɵɱɢɫɥɟɧɢɟ ɨɩɪɟɞɟɥɟɧɧɵɯ ɢɧɬɟɝɪɚɥɨɜ 
 

Ɋɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ ɜɵɱɢɫɥɟɧɢɹ ɨɩɪɟɞɟɥɟɧɧɨɝɨ ɢɧɬɟɝɪɚɥɚ 
b

a
dxxf )(  ɫ 

ɡɚɞɚɧɧɨɣ ɬɨɱɧɨɫɬɶɸ ɞɨ 0 . 
ɉɭɫɬɶ ɩɨɞɵɧɬɟɝɪɚɥɶɧɚɹ ɮɭɧɤɰɢɹ )(xf  ɦɨɠɟɬ ɛɵɬɶ ɪɚɡɥɨɠɟɧɚ ɜ 

ɫɬɟɩɟɧɧɨɣ ɪɹɞ ɢ ɨɬɪɟɡɨɤ ];[ ba  ɜɤɥɸɱɟɧ ɜ ɢɧɬɟɪɜɚɥ ɫɯɨɞɢɦɨɫɬɢ );( RR  ɪɹɞɚ. 
Ɍɨɝɞɚ ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ ɡɚɞɚɧɧɨɝɨ ɢɧɬɟɝɪɚɥɚ ɩɪɢɦɟɧɹɸɬ ɫɜɨɣɫɬɜɨ ɩɨɱɥɟɧɧɨɝɨ 
ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɫɬɟɩɟɧɧɨɝɨ ɪɹɞɚ. Ɉɲɢɛɤɚ, ɩɨɥɭɱɚɟɦɚɹ ɩɪɢ ɜɵɱɢɫɥɟɧɢɹɯ, 
ɨɩɪɟɞɟɥɹɟɬɫɹ ɬɚɤ ɠɟ, ɤɚɤ ɢ ɩɪɢ ɜɵɱɢɫɥɟɧɢɢ ɡɧɚɱɟɧɢɣ ɮɭɧɤɰɢɢ. 

ɉɪɢɦɟɪ 3. ȼɵɱɢɫɥɢɬɶ ɢɧɬɟɝɪɚɥ dx
x

x

1

0
2

4sin  ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 0,001. 

Ɋɟɲɟɧɢɟ. Ɋɚɡɥɨɠɢɦ ɩɨɞɵɧɬɟɝɪɚɥɶɧɭɸ ɮɭɧɤɰɢɸ ɜ ɪɹɞ Ɇɚɤɥɨɪɟɧɚ, 
ɩɪɢɦɟɧɢɜ ɪɚɡɥɨɠɟɧɢɟ (5) (ɫɦ. §6), ɜ ɤɨɬɨɪɨɦ ɡɚɦɟɧɢɦ x  ɧɚ 4x : 

...
!7!5!3
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!7!5!3

1sin 261810
2

282012
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4
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xxxxxxxx
xx

x  . 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɩɨɥɭɱɟɧɧɵɣ ɪɹɞ ɫɯɨɞɢɬɫɹ ɩɪɢ x . 
ɂɧɬɟɝɪɢɪɭɹ ɩɨɱɥɟɧɧɨ ɷɬɨɬ ɪɹɞ ɧɚ ɨɬɪɟɡɤɟ ]1;0[ , ɥɟɠɚɳɟɦ ɜɧɭɬɪɢ 

ɢɧɬɟɪɜɚɥɚ ɫɯɨɞɢɦɨɫɬɢ );(  , ɩɨɥɭɱɢɦ: 










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



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
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27191131
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2
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4
...

!727!519!3113
...

!7!5!3
sin xxxxdxxxxxdx

x
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1
3
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
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
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  . 
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ɉɨɥɭɱɢɥɢ ɪɹɞ ɥɟɣɛɧɢɰɟɜɫɤɨɝɨ ɬɢɩɚ. ɋɪɚɜɧɢɦ ɤɚɠɞɵɣ ɱɥɟɧ ɷɬɨɝɨ ɪɹɞɚ ɩɨ 
ɦɨɞɭɥɸ ɫ ɡɚɞɚɧɧɨɣ ɬɨɱɧɨɫɬɶɸ, ɨɬɛɪɨɫɢɦ ɬɟ, ɤɨɬɨɪɵɟ ɦɟɧɶɲɟ ɡɚɞɚɧɧɨɣ 
ɬɨɱɧɨɫɬɢ ɢ ɧɚɣɞɟɦ ɚɥɝɟɛɪɚɢɱɟɫɤɭɸ ɫɭɦɦɭ ɨɫɬɚɜɲɢɯɫɹ ɱɥɟɧɨɜ ɪɹɞɚ. Ɍɚɤ ɤɚɤ 

001,03333,0
3
1

 , 001,00151,0
!311

1



, 001,00004,0

!519
1




, ɬɨ 

                                             318,0
!311

1
3
1sin1

0
2

4



 dx

x
x .                                      
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Ʉɨɧɬɪɨɥɶɧɵɟ ɡɚɞɚɧɢɹ 
 

Ɂɚɞɚɧɢɟ ʋ 1 
 

ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ. 
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Ɂɚɞɚɧɢɟ ʋ 2 
 

ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ. 
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Ɂɚɞɚɧɢɟ ʋ 3 
ɂɫɫɥɟɞɨɜɚɬɶ ɪɹɞ ɧɚ ɫɯɨɞɢɦɨɫɬɶ. 
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